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Introduction 



This is an introduction to Euclidean and Hyperbolic plane geometries 
and their development from postulate systems. 

The lectures are meant to be rigorous, conservative, elementary 
and minimalistic. At the same time it includes about the maximum 
what average student can absorb in one semester. 

Approximately half of the material used to be covered in high 
school, not any more. 

The lectures are oriented to sophomore and senior university stu- 
dents. These students already had a calculus course. In particular 
they are familiar with the real numbers and continuity. It makes pos- 
sible to cover the material faster and in a more rigorous way than it 
could be done in high school. 

We use so called metric approach introduced by Birkhoff. It means 
that we define Euclidean plane as a metric space which satisfies a 
list of properties. This way we minimize the tedious parts which are 
unavoidable in the more classical Hilbcrt's approach. At the same time 
the students have chance to learn basic geometry of metric spaces. 

Overview 

Euclidean geometry is discussed in the the chapters 1-7. In the Chap- 
ter 1 we give all definitions necessary to formulate the axioms; it in- 
cludes metric space, lines, angle measure, continuous maps and con- 
gruent triangles. In the Chapter 2, we formulate the axioms and prove 
immediate corollaries. In the chapters 3-6 we develop Euclidean geom- 
etry to a dissent level. In Chapter 7 we give the most classical theorem 
of triangle geometry; this chapter included mainly as an illustration. 

In the chapters 8-9 we discuss geometry of circles on the Euclidean 
plane. These two chapters will be used in the construction of the model 
of hyperbolic plane. 

In the chapters 10-12 we discuss non-Euclidean geometry. In Chap- 
ter 10, we introduce the axioms of absolute geometry. In Chapter 11 
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we describe so called Poincare disc model (discovered by Beltrami). 
This is a construction of hyperbolic plane, an example of absolute 
plane which is not Euclidean. In the Chapter 12 we discuss some 
geometry of hyperbolic plane. 

The last few chapters contain additional topics: Spherical geome- 
try, Klein model and Complex coordinates. The proofs in these chap- 
ters are not completely rigorous. 

When teaching the course, I used to spent one week for compass- 
and-rulcr constructions^. This topic is perfect introduction to the 
proofs. I used extensively Java applets created by C.a.R. which are 
impossible to include in the printed version. 

Acknowledgment 

I want to thank TeX, LaTeX, Geogebra, C.a.R. and Ipic.sty for their 
existence. 

Prerequisite 

The students has to be familiar with the following topics. 

o Elementary set theory: €, U, n, \, C, x. 

o Real numbers: intervals, inequalities, algebraic identities. 

o Limits, continuous functions. Intermediate value theorem 

o Standard functions: absolute value, natural logarithm, expo- 
nent. Occasionally, basic trigonometry functions arc used, but 
these parts can be ignored. 

o To read Chapter 15, it is better to have some previous experience 
with complex numbers. 

o Chapter 13 use in addition elementary properties of scalar prod- 
uct. 

Disclaimer 

I am not doing history. It is impossible to find the original reference 
to most of the theorems discussed here, so I do not even try. (Most 
of the proofs discussed in the lecture appeared already in the Euclid's 
Elements and of cause the Elements are not the original source for 
most of them.) 



see www . math . psu . edu/petrunin/f xd/car . html 



Chapter 1 

Preliminaries 



Metric spaces 

1.1. Definition. Let X he a nonempty set and d be a function which 
returns a real number d{A,B) for any pair A, B G X. Then d is 
called metric on X if for any A,B,C G X, the following conditions 
are satisfied, 
(a) Positiveness: 

d{A,B) ^ 0. 

(h) A — B if and only if 

d(A,B) = 0. 

(c) Symmetry: 

d{A,B)^d{B,A). 

(d) Triangle inequality: 

d{A,C) s; d{A,B)+d{B,C). 

A metric space is a set with a metric on it. More formally, a metric 
space is a pair {X,d) where X is a set and d is a metric on X . 

Elements of X are called points of the metric space. Given two 
points A,BgX the value d{A, B) is called distance from A to B. 

Examples 

o Discrete metric. Let X be an arbitrary set. For any A, B ^ X , 
set d{A, B) ^QiiA = B and d{A, B) = 1 otherwise. The metric 
d is caUed discrete metric on X. 
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o Real line. Set of all real numbers (R) with metric defined as 
d{A,B) = \A~B\. 

o Metrics on the plane. Let us denote by the set of all pairs 
{x,y) of real numbers. Assume A = {xatVa) and B = (xb^Vb) 
are arbitrary points in M^. One can equip with the following 
metrics. 

o Euclidean metric, denoted as and defined as 
d2{A,B) ^ ^/{xa-xb)^ + {yA-VBY- 

o Manhattan metric, denoted as di and defined as 
di{A,B) ^\xA-XB\ + \yA-yB\- 

o Maximum metric, denoted as dao and defined as 
doo[A,B) = max{|xA - xb\, \yA - UbW- 

1.2. Exercise. Prove that di, d2 and doo are metrics on M^. 

Shortcut for distance 

Most of the time we study only one metric on the space. For example 
K will always refer to the real line. Thus we will not need to name the 
metric function each time. 

Given a metric space X, the distance between points A and B will 
be further denoted as 

AB or dx{A,B); 

the later is used only if we need to emphasize that A and B are points 
of the metric space X. 

For example, the triangle inequality can be written as 

AB + BC;? AC. 

For the multiplication wc will always use "•" , so AB should not be 
confused with A-B. 
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Isometries and motions 

Recall that a map / : X y is a bijection if it gives an exact pairing 
of the elements of two sets. Equivalently, / : X y is a bijection if it 
has an inverse; i.e., a map g: y ^ X such that g{f{A)) = A for any 
AeX and f{g{B)) = B for any B(^y. 

1.3. Definition. Let X and y he two metric spaces and dx , dy he 
their metrics. A map 

f:X^y 
is called distance-preserving if 

dy{f{A)J{B))=dx{A,B) 

for any A, B €z X . 

A hijective distance-preserving map is called an isometry. 

Two spaces are isometric if there exists an isometry from one to 
the other. 

The isometry from space to itself is also called motion of the .space. 

1.4. Exercise. Show that any distance preserving map is injective; 
i.e., if f : X ^ y is a distance preserving map then f{A) ^ f{B) for 
any pair of distinct points A, B £ X 

1.5. Exercise. Show that i/ / : M — > M is a motion of the real line 
then either 

f{X) = /(O) + X for any X £ M 

or 

f{X) = /(O) - X for any X e R. 



1.6. Exercise. Prove that {M?,di) is isometric to {S?,dao)- 

Lines 

If A" is a metric space and 3^ is a subset of X , then a metric on y 
can be obtained by restricting the metric from X . In other words, the 
distance between points of y is defined to be the distance between 
the same points in X . Thus any subset of a metric space can be also 
considered as a metric space. 

1.7. Definition. A subset £ of metric space is called line if it is 
isometric to the real line. 
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Note that a space with discrete metric has no hnes. The foUow- 
ing picture shows examples of hnes on the Manhattan plane, i.e. on 
(M, di). 




Half-lines and segments. Assume there is a line i passing through 
two distinct points P and Q. In this case wc might denote £ as (PQ). 
There might be more than one line through P and Q, but if wc write 
(PQ) wc assume that wc made a choice of such line. 

Let us denote by [PQ) the half-line which starts at P and contains 
Q. Formally speaking, [PQ) is a subset of (PQ) which corresponds 
to [0,00) under an isometry /: (PQ) K such that f{P) = and 

fiQ) > 0. 

The subset of line (PQ) between P and Q is called segment between 
P and Q and denoted as [PQ]. Formally, segment can defined as the 
intersection of two half-lines: [PQ] = [PQ) n [QP). 

An ordered pair of half-lines which start at the same point is called 
angle. An angle formed by two half-lines [PQ) and [PR) will be de- 
noted as ZQPR. In this case the point P is called vertex of the angle. 

1.8. Exercise. Show that if X e [PQ] then PQ = PX + QX . 

1.9. Exercise. Consider graph y = |a;| in R^. In which of the fol- 
lowing spaces (a) (M^,(ii), (h) {M?,d2) (c) {M?,doa) it forms a line? 
Why? 

1.10. Exercise. How many points M on the line {AB) for which we 
have 

1. AM = MB ? 

2. AM ^ 2- MB ? 
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Congruent triangles 

An ordered triple of distinct points in a metric space, say A, B, C is 
called triangle and denoted as AABC. So the triangles AABC and 
AACB are considered as different. 

Two triangles AA'B'C and AABC are called congruent (briefly 
AA'B'C = AABC) if there is a motion f : X ^ X such that A' = 
/(A), B' = f{B) and C ^ f{C). 

Let A" be a metric space and f,g: X ^ X he two motions. Note 
that the inverse : X X, as well as the composition fog:X—>-X 
are also motions. 

It follows that "=" is an equivalence relation; i.e., the following 
two conditions hold. 

o If AA'B'C ^ AABC then AABC AA'B'C. 

o If AA"B"C" = AA'B'C and AA'B'C = AABC then 

AA"B"C' = AABC. 

Note that if AA'B'C 9i AABC then AB = A'B', BC = B'C 
and CA = CA'. 

For discrete metric, as well some other metric spaces the converse 
also holds. The following example shows that it does not hold in the 
Manhattan plane. 

Example. Consider three points A = (0,1), B = (1,0) and C = 
= (—1,0) on the Manhattan plane (M^,(ii). Note that 

di{A,B)^di{A,C) = 

On one hand AABC ^ AACB. 

Indeed, it is easy to see that the 
map (cc, y) i— > {—x, y) is an isometry of 
(R^dl) which sends A ^ A, B ^-^ C 
and C B. 

On the other hand AABC ^ 
^ ABC A. 

Indeed, it is sufficient to show that there is motion / of {M.'^,di) 
which sends Ai-> B and B ^ C. Note that a point M is a midpoint^ 
of A and B if and only if f{M) is a midpoint of B and C . The set 
of midpoints for A and B is infinite, it contains all points (t, t) for 
t G [0, 1] (it is the dark gray segment on the picture). On the other 
hand the midpoint for B and C is unique (it is the black point on the 
picture). Thus / can not be bijective, a contradiction. 

lA/ is a midpoint of A and B if di{A,M) = di{B,M) = |-di(A, B). 
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Continuous maps 

Here we define continuous maps between metric spaces. This definition 
is a straightforward generalization of the standard definition for the 
real-to-real functions. 

Further X and y be two metric spaces and dx^ dy be their metrics. 

A map f : X ^ y is called continuous at point A G X ii for any 
£ > there is (5 > such that if dx{A, A') < 5 then 

dyif{A),f{A'))<e. 

The same way one may define a continuous map of several variables. 
Say, assume f{A, B, C) is a function which returns a point in the space 
y for a triple of points {A, B, C) in the space X . The map / might be 
defined only for some triples in X . 

Assume f{A, B, C) is defined. Then we say that / continuous at 
the triple {A, B, C) if for any e > there is 5 > such that 

dy{J{A,B,C)J{J^,B\C'))<e. 

if dx{A,A') < S, dx{B,B') < S and dx{C,C') < S and f{A',B',C') 
is defined. 

1.11. Exercise. Let X be a metric space. 

(a) Let A G X be a fixed point. Show that the function 

f{B)'^dx{A,B) 

is continuous at any point B. 

(b) Show that dx{A,B) is a continuous at any pair A, B Cz X . 

1.12. Exercise. Let X , y and Z be a metric spaces. Assume that 
the functions f : X y and g: y Z are continuous at any point 
and h — g o f is its composition; i.e., h{x) — g{f{A)) for any A Cz X. 
Show that h: X ^ Z is continuous. 



Angles 

Before formulating the axioms, we need to 
develop a language which makes possible 
rigorously talk about angle measure. 
Intuitively, the angle measure of an 




angle is how much one has to rotate the 

first half-line counterclockwise so it gets the position of the second 
half-line of the angle. 
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Note that the angle measure is defined up to full rotation which is 
2-7r if measure in radians; so the angles . . . , a — 2-7r, a, a + 2-Tr,a + 
4-7r, . . . should be regarded to be the same. 

Reals modulo 2'7r 

Let us introduce a new notation; we will write 

a = P or a = 13 (mod 2-tt) 
if a = /3 + 2-7r-n for some integer n. In this case we say 
"a is equal to /? modulo 2-tt". 

For example 

—71 = 71 = 3-71 and i-7r=— |-7r. 

The introduced relation "=" behaves roughly as equality. We can 
do addition subtraction and multiplication by integer number without 
getting into trouble. For example 

a = /? and a' = /3' 

implies 

a + a' = /3 + /3', a - a' = (3 - P' and n-a = n-l3 

for any integer n. But "=" does not in general respect multiplication 
by non-integer numbers; for example 

71 = —71 but i-TT^— i-TT. 

1.13. Exercise. Show that 2-a = if and only if a = or a = 7t. 
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Euclidean geometry 
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Chapter 2 

The Axioms 



Models and axioms 

The space (M^, ^2) described on page 10, may be taken as a definition 
of Euclidean plane. It can be called numerical model of Euclidean 
plane; it builds the Euclidean plane from the real numbers and the 
later are assumed to be known. 

In the axiomatic approach, one describes Euclidean plane as any- 
thing which satisfy a list of properties called axioms. Axiomatic system 
for the theory is like rules for the game. Once the axiom system is 
fixed, a statement considered to be true if it follows from the axioms 
and nothing else is considered to be true. 

Historically, the axioms provided common ground for mathemati- 
cians. Their formulation were not rigorous at all; for example, Euclid 
described a line as breadthless length. But the axioms were formulated 
clear enough so that one mathematician could understand the other. 

The best way to understand an axiomatic system is to make one by 
yourself. Look around and choose a physical model of the Euclidean 
plane, say imagine an infinite and perfect surface of chalk board. Now 
try to collect the key observations about this model. Let us assume 
that we have intuitive understanding of such notions as line and point. 

o We can measure distances between points. 

o We can draw unique line which pass though two given points. 

o We can measure angles. 

o If we rotate or shift we will not see the difference. 

o If we change scale we will not see the difference. 

These observations are good enough to start. In the next section we 
use the language developed in this and previous chapters to formulate 
them rigorously. 
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These observations are intuitively obvious. On the other hand, it 
is not intuitively obvious that Euclidean plane is isometric to (K^, ^2). 

An other advantage of using axiomatic approach lies in the fact 
that it is easily adjustable. For example we may remove one axiom 
from the list, or exchange it to an other axiom. 

The Axioms 

In this section we set an axiomatic system of the Euclidean plane. 
Roughly it says that Euclidean plane is a metric space where observa- 
tions stated in the previous section hold, but now everything is rigor- 
ously stated. 

This set of axioms is very close to the one given by BirkhofF in [3] . 

2.1. Definition. The Euclidean plane is a metric space with at least 
two points which satisfies the following axioms: 

I. There is one and only one line, that contains any two given 

distinct points P and Q. 
n. Any angle ZAOB defines a real number in the interval (— tt, tt]. 
This number is called angle measure of ZAOB and denoted by 
/LAOB . It satisfies the following conditions: 

(a) Given a half-line [OA) and a € (— 7r,7r] there is unique half- 
line [OB) such that ZAOB — a 

(b ) For any points A, B and C distinct from O we have 

lAOB + IBOC = lAOC. 

(c) The function 

I: iA,0,B) ^ lAOB 

is continuous at any triple of points {A,0,B) such that 
O ^ A and O B and lAOB ^ tt. 

///. l\ABC ^ AA'S'C" if and only if 

A'B' = AB, A'C = AC, and A' B' = ±ICAB. 

IV. If for two triangles A ABC, AAB'C and k > we have 

B' e [AB), C e [AC) 

AB' = k-AB, AC = k-AC 

then 

B'C = k-BC, lABC = lAB'C and lACB = lAC'B'. 

From now on, we can use no information about Euclidean plane 
which docs not follow from the Definition 2.1. 
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Angle and angle measure 

The notations ZAOB and ZAOB look similar, they also have close 
but different meaning, which better not to be confused. The angle 
ZAOB is a pair of half-lines [OA) and [OB) while ZAOB is a number 
in the interval (— 7r,7r]. 
The equality 

ZAOB = ZA'O'B' 

means that [OA) = [O'A') and [OB) = [O'B'), in particular O = O' . 
On the other hand the equality 

ZAOB = ZA'O'B' 

means only equality of two real numbers; in this case O may be distinct 
from O' . 



Lines and half-lines 

2.2. Proposition. Any two distinct lines intersect at most at one 
point. 

Proof. Assume two lines £ and m intersect at two distinct points P 
and Q. Applying Axiom I, wc get £ = m. □ 

2.3. Exercise. Suppose A' € [OA) and A! ^ O show that [OA) = 
= [OA'). 

2.4. Proposition. Given r ^ and a half-line [OA) there is unique 
A' e [OA) such that OA = r. 

Proof. According to definition of half-line, there is an isometry 

/: [OA)^[0,oo), 

such that f{0) — 0. By the definition of isometry, OA' ~ f{A') for 
any A' e [OA). Thus, OA' = r if and only if f{A') = r. 

Since isometry has to be bijective, the statement follows. □ 
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Zero angle 

2.5. Proposition. ^AOA = for any A^O. 

Proof. According to Axiom lib, 

lAOA + lAOA = lAOA 

Subtract ^AOA from both sides, wc get /.AO A = 0. Hence /.AO A = 
= 0. □ 

2.6. Exercise. Assume lAOB = 0. Show that [OA) = [OB). 

2.7. Proposition. For any A and B distinct from O, we have 

lAOB = -/BOA. 

Proof. According to Axiom lib, 

lAOB + IBOA = /AO A 
By Proposition 2.5 /AO A — 0. Hence the result. □ 



Straight angle 

If /AOB — TT, we say that /AOB is a straight angle. Note that by 
Proposition 2.7, if /AOB is a straight angle then so is /BOA. 

We say that point O lies between points A and B if O ^ A, O ^ B 
and O e [AB]. 

2.8. Theorem. The angle /AOB is straight if and only if O lies 
between A and B. 

y. — ^ Proof. By Proposition 2.4, we may as- 

-^^-O-^ O — sume that OA = OB = I. 



BOA 

(<=). Assume O lies between A and B. 

Let a = /AOB. 

Applying Axiom Ha, we get a half-hne [OA') such that a — /BOA' . 
We can assume that OA' — 1. According to Axiom HI, A AOB 
= ABO A'; denote by h the corresponding motion of the plane. 

Then (A'B) = h{AB) 3 h{0) = O. Therefore both lines (AB) and 
(A'B), contain B and O. By Axiom I, (AB) = (A'B). 
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By the definition of the line, (AB) contains exactly two points A 
and B on distance 1 from O. Since OA' = 1 and A' ^ B, we get 
A^A'. 

By Axiom lib and Proposition 2.5, we get 

2-a = ZAOB + ZBOA' = 
= ZAOB + IBOA = 
= ^AOA = 

EE 

Since [OA) ^ [OB), Axiom Ila implies a 7^ 0. Hence a = tt (see 
Exercise 1.13). 

Suppose that /LAOB = tt. Consider line {OA) and choose point 
B' on {OA) so that O lies between A and B' . 

From above, we have ZAOB' = tt. Applying Axiom Ila, we get 
[OB) = [OB'). In particular, O lies between A and B. □ 

A triangle AABC is called degenerate if A, i? and C lie on one 
line. 

2.9. Corollary. ^ triangle is degenerate if and only if one of its 
angles is equal to n or 0. 

2.10. Exercise. Show that three distinct points A, O and B lie on 

one line if and only if 

2-lAOB = 0. 

2.11. Exercise. Let A, B and C he three points distinct from O. 
Show that B, O and C lie on one line if and only if 

2-lAOB = 2-LAOC. 

Vertical angles 

A pair of angles /LAOB and A A! OB' is called 
vertical if O leis between A and A! and at the 
same time O lies between B and B' . 

2.12. Proposition. The vertical angles have 
equal measures. 

Proof. Assume that the angles ZAOB and ZA'OB' are vertical. 
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Note that the angles ZAOA' and ZBOB' are straight. Therefore 
lAOA' = IBOB' = TT. It fohows that 

= lAOA' - IBOB' = 
= lAOB + ZBOA' - IBOA' - lAOB' = 
= lAOB - ZA'OB'. 

Hence the resuh follows. □ 

2.13. Exercise. Assume O is the mid-point for both segments [AB] 
and [CD]. Prove that AC = BD. 



Chapter 3 

Half-planes 



This chapter contains long proofs of self-evident statements. It is OK 
to skip it, but make sure you know definitions of positive/negative 
angles and that your intuition agrees with 3.8, 3.10, 3.11 and 3.15. 

Sign of angle 

o An angle ZAOB is called positive if < ZAOB < tt; 
o An angle ZAOB is called negative if ZAOB < 0. 

Note that according to the above definitions the straight angle as 
well as zero angle are neither positive nor negative. 

3.1. Exercise. Show that ZAOB is positive ij and only if ZBOA is 
negative. 

3.2. Exercise. Let ZAOB is a straight angle. Show that ZAOX is 
positive if and only if ZBOX is negative. 

3.3. Exercise. Assume that the angles ZAOB and ZBOC are posi- 
tive. Show that 

ZAOB + ZBOC + ZCOB = 2-7r. 
if ZCOB is positive and 

ZAOB + ZBOC + ZCOB = 0. 
if ZCOB is negative. 
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26 CHAPTER 3. HALF-PLANES 

Intermediate value theorem 

3.4. Intermediate value theorem. Let f : [a,b] ^ R be a contin- 
uous function. Assume f(a) and f{b) have the opposite signs then 
f(to) = for some <o G [a, 

The Intermediate value theorem should 
be covered in any calculus course. We will 
use the following corollary. 

3.5. Corollary. Assume that for any t € 
f{a)9- -O ^ -'^1 have three points in the plane Ot, 

At and Bt such that 

(a) Each function 1 1-^ Ot, 1 1-^ At and 1 1-^ Bt is continuous. 

(b) For for any t S [0, 1], the points Ot, At and Bt do not lie on one 
line. 

Then the angles ZAqOoBq and ZAiOiBi have the same sign. 

Proof. Consider the function f{t) = AlAtOtBt. 

Since the points Ot, At and Bt do not lie on one line, Theorem 2.8 
implies that f{t) = lAtOtBt 7^ or tt for any t G [0, 1]. 

Therefore by Axiom lie and Exercise 1.12, / is a continuous func- 
tion. 

Further, by Intermediate value theorem, /(O) and /(I) have the 
same sign; hence the result follows. □ 




Same sign lemmas 

3.6. Lemma. Assume Q' e [PQ) and Q' ^ P. Then for any X ^ 
^ (PQ) the angles ZPQX and /.PQ' X have the same sign. 

Proof. By Proposition 2.4, for any t G [0, 1] 
there is unique point Qt G [PQ) such that 
PQt = {l-t)-PQ + t-PQ' . Note that the map 
i Qt is continuous, Qo — Q and Qi ~ Q' 
and for any t G [0, 1], we have P ^ Qt. 

Applying Corollary 3.5, for Ft = P, Qt and 
Xt = X, we get that ZPQX has the same sign 
as ZPQ'X. □ 




3.7. Lemma. Assume [XY] does not intersect (PQ) then the angles 
ZPQX and ZPQY have the same sign. 
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The proof is nearly identical to the one Xi 
above. 

Proof. According to Proposition 2.4, for any 
t e [0, 1] there is a point Xt € [XY] such that / J)qY 
XXt = t-XY. Note that the map t Xt is 
continuous, Xq = X and Xi = Y and for any 
<G [0,1], we have g^Ff Q 

Applying Corollary 3.5, for Pt = P, Qt = 
= Q and Xt, we get that ZPQX has the same sign as ZPQY. □ 

Half- planes 

3.8. Proposition. The complement of a line {PQ) in the plane can 
be presented in the unique way as a union of two disjoint subsets called 
half-planes such that 

(a) Two points X,Y ^ {PQ) ™ same half-plane if and only 
if the angles ZPQX and ZPQY have the same sign. 

(b) Two points X,Y ^ {PQ) same half-plane if and only 
if [XY] does not intersect {PQ). 

Further we say that X and Y lie on one side from {PQ) if they lie 
in one of the half-planes of {PQ) and we say that P and Q lie on the 
opposite sides from i if they lie in the different half-planes of ^. 

Proof. Let us denote by 7^+ (correspondingly 
T-L-) the set of points X in the plane such 
that ZPQX is positive (correspondingly neg- 
ative). 

According to Theorem 2.8, X e {PQ) if 
and only if ZPQX ^ nor tt. Therefore T-L+ 
and %- give the unique subdivision of the 
complement of {PQ) which satisfies property ^ X. T-L 

(a) . 

Now let us prove that the this subdivision depends only on the line 
(PQ); i.e., if {P'Q') = {PQ) and X,Y {PQ) then the angles ZPQX 
and ZPQY have the same sign if and only if the angles ZP'Q' X and 
ZP'Q'Y have the same sign. 

Applying Exercise 3.2, we can assume that P = P' and Q' G [PQ)- 
It remains to apply Lemma 3.6. 

(b) . Assume [XY] intersects {PQ). Since the subdivision depends 
only on the line {PQ), we can assume that Q e [ATF]. In this case, by 
Exercise 3.2, the angles ZPQX and ZPQY have opposite signs. 




P 
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Now assume [XY] does not intersects (PQ). In 
this case, by Lemma 3.7, ZPQX and ZPQY have 
the same sign. □ 

3.9. Exercise. Assume that the angles ZAOB and 
ZA'OB' are vertical. Show that the line {AB) does 
not intersect the segment [A'B']. 

Consider triangle A ABC. The segments [AB], [BC] and [CA] are 
called sides of the triangle. 

The following theorem is a corollary of Proposition 3.8. 

3.10. Pasch's theorem. Assume line £ does not pass through any 
vertex a triangle. Then it intersects either two or zero sides of the 
triangle. 

3.11. Signs of angles of triangle. In any nondegenerate triangle 
A ABC the angles /LABC , /LBCA and Z.CAB have the same sign. 

Proof. Choose a point Z E {AB) so that A 
lies between B and Z. 

According to Lemma 3.6, the angles 
ZZBC and ZZAC have the same sign. 
Note that ZABC = ZZBC and 

ZZAC + ZCAB = TT. 

O- 

B AC Therefore ZCAB has the same sign as ZZAC 

which in turn has the same sign as ZABC = 

= ZZBC. 

Repeating the same argument for ZBCA and ZCAB, we get the 
result. □ 





3.12. Exercise. Show that two points X,Y ^ (PQ) on the same 
side from (PQ) if and only if the angles ZPXQ and ZPYQ have the 
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3.13. Exercise. Let AABC be a nondegenerate triangle, A' E [BC] 
and B' G [AC] . Show that the segments [AA'] and [BB'] intersect. 

3.14. Exercise. Assume that the points X and Y lie on the oppo- 
site sides from the line (PQ). Show that the half-line [PX) does not 
interests [QY). 



Triangle with the given sides 

Consider triangle AABC. Let a = BC, b^CA and c = AB. Without 
loss of generality we may assume that a ^ b ^ c. Then all three 
triangle inequalities for AABC hold if and only if c ^ a + 6. The 
following theorem states that this is the only restriction on a, b and c. 

3.15. Theorem. Assume that Q<a^b^c^a + b. Then there is 
a triangle AABC such that a = BC , b = CA and c ~ AB. 

The proof requires some preparation. 

Assume r > and tt > (3 > 0. Consider triangle 
AABC such that AB ^ BC ^ r and XlABC = /?. 
The existence of such triangle follow from Axiom Ila 
and Proposition 2.4. 

Note that according to Axiom III, (3 and r define 
the triangle up to congruence. In particular the 
distance AC depends only on /S and r. Set 

s{l3,r)=AC. 




3.16. Proposition. Given r > and e > there is d > such that 
ifO<P<5 then s{r, /?) < e. 



Proof. Fix two point A and B such that AB = r. 

Choose a point X such that /lABX is positive. Let Y E [AX) be 
the point such that AY = |; it exists by Proposition 2.4. 

Note that X and Y lie in the same side from (AB); therefore 
ZABY is positive. Set S = lABY. 

Assume < /3 < 5, lABC = P and BC = 

Applying Axiom Ila, we can choose a half- 
line [BZ) such that ZABZ = \-l3. Note that 7 
A and Y lie on the opposite sides from {BZ). /'Vc— O" 
Therefore {BZ) intersects [AY]\ denote by D ^^^^^^^"^4^^^^ 

the point of intersection. :=0^^^— r O 

B A 
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Since D £ (BZ), we get ZABD = | or 
^ — TT. The later is impossible since D and Y lie on the same side from 
(AB). Therefore 

lABD = IDBC = §. 



By Axiom III, AABD 9i ADBD. In particular 



AC i:AD + DC 
= 2-AD ^ 
^ 2-AY = 



Hence the result follows. 



□ 



3.17. Corollary. Fix a real number r > and two distinct points A 
and B. Then for any real number j3 £ [0,7r], there is unique point Cp 
such that BCfj = r and /.ABC = (3. Moreover, the map f3 i-^ Cp is a 
continuous map from [0, tt] to the plane. 

Proof. The existence and uniqueness of C^g follows from Axiom Ila 
and Proposition 2.4. 

Note that if /3i 7^ P2 then 



Therefore Proposition 3.16 implies that the map /3 H> C/3 is con- 



Proof of Theorem 3.15. Fix points A and B such that AB — c. Given 
(3 £ [0, tt], denote by Cjs the point in the plane such that BCp = a and 
lABC ^ (3. 

According to Corollary 3.17, the map /3 C/3 is a continuous. 
Therefore function h{j3) = ACp is continuous (formally it follows from 
Exercise 1.11 and Exercise 1.12). 

Note that 6(0) = c—a and 6(7r) = c+a. Note that c — a ^ 6 ^ c+a. 
Therefore by Intermediate value theorem (3.4) 6(/3o) = b for some 

£ [0,7r]. hence the result follows. □ 



Cp,C0,=s[r,\[3r-h\). 



tinuous. 



□ 



Chapter 4 

Congruent triangles 



Side-angle-side condition 

Our next goal is to give conditions which guarantee congruence of 
two triangles. One of such conditions is Axiom III, it is also called 
side- angle- side condition or briefly SAS condition. 



Angle-side-angle condition 

4.1. ASA condition. Assume that AB = A'B', lABC = ±IA'B'C', 
ICAB EE ±IC'A'B' and AA'B'C is nondegenerate. Then 

AABC = AA'B'C'. 



Note that for degenerate triangles the statement does not hold, say 
consider one triangle with sides 1, 4, 5 and the other with sides 2, 3, 5. 

Proof. According to Theorem 3.11, cither 
lABC = lA'B'C, 

O 

ZCAB = IC'A'B' 

or 

lABC EE -lA'B'C, 

® ICAB = -IC'A'B'. 

A' C C" 

Further we assume that O holds; the case @ is analogous. 

Let C" be the point on the half-line [A'C) such that that A'C" = 

AC. 
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By Axiom III, AA'B'C" = AABC. Applying Axiom III again, we 

get 

AA'B'C" = lABC = lA'B'C. 

By Axiom Ila, [B'C) = [BC"). Hence C" lies on (B'C) as well as 
on (A'C). 

Since AA'B'C is not degenerate, (A'C) is distinct from (B'C). 
Applying Axiom I, wc get C" = C . 

Therefore AA'B'C = AA'B'C" = AABC. □ 

Isosceles triangles 

A triangle with two equal sides is called isosceles] the remaining side 
is called base of isosceles triangle. 

4.2. Theorem. Assume AABC is isosceles with base [AB]. Then 

lABC = -IB AC. 

Moreover, the converse holds if AABC is nondegenerate. 

The following proof is due to Pappus of 
Alexandria. 

Proof. Note that 

CA = CB, CB = CA, ^ACB = -IBCA. 

Therefore by Axiom III, 

ACAB ^ ACBA. 
A B 

Applying the theorem on the signs of angles of triangles (3.11) and 
Axiom III again, we get 

ICAB = -ICBA. 

To prove the converse, we assume j^CAB = —ZCBA. By ASA 
condition 4.1, ACAB ^ ACBA. Therefore CA = CB. □ 

Side-side-side condition 

4.3. SSS condition. AABC = AA'B'C if 

A'B' = AB, B'C" = BC and C'A' = CA. 

Proof Choose C" so that A'C" = A'C and ZB'A'C" = IBAC. 
According to Axiom III, 

AA'B'C" ^ AABC. 
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It will suffice to prove that 

e AA'B'C ^ AA'B'C". 

The condition ® trivially holds if C" = 
= C . Thus it remains to consider the A'' 
case C" ^ a. 

Clearly, the corresponding sides of 
AA'B'C and AA'B'C" are equal. 

Note that triangles AC'A'C" and 
AC'B'C" arc isosceles. By Theorem 4.2, 
we have 




lA'C'C 
IC'C'B' 



^^A'C'C", 
-IC'C'B'. 



Whence by addition 

lA'C'B' = -lA'C'B'. 
Applying Axiom III again, we get @. 



□ 



4.4. Exercise. Let M be the midpoint of side [AB] of a triangle 
AABC and M' he the midpoint of side [A' B'] of a triangle AA'B'C . 
Assume C A' = CA, C B' = CB and CM' = CM. Prove that 
AA'B'C ^ AABC. 

C 

4.5. Exercise. Let AABC he isosceles with 
hase [AB] and the points A' e [BC] and B' G 
G [AC] he such that CA' = CB' . Show that 

(a) AAB'C ^ ABA'C; 
(h) A ABB' = ABAA'. 

4.6. Exercise. Show that if AB + BC = AC A 

then B € [AC]. 

4.7. Exercise. Let AABC he a nondegenerate triangle and let l be 
a motion of the plane such that 




l{A) = A, l{B) = B and l{C) = C. 



Show that L is the identity; i.e. i{X) = X for any point X on the 
plane. 
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Chapter 5 

Perpendicular lines 



Right, acute and obtuse angles 

o If \ZAOB\ ~ ^, we say that the angle ZAOB is right; 

o If \ZAOB\ < ^, we say that the angle ZAOB is acute; 

o If \ZAOB\ > ^, we say that the angle ZAOB is obtuse. 

On the diagrams, the right angles will be 
marked with a little square. 

If ZAOB is right, we say also that [OA) 
is perpendicular to [OB); it will be written as 

[OA) _L [OB). 

From Theorem 2.8, it follows that two lines 
{OA) and (OB) are appropriately called perpen- 
dicular, if [OA) _L [OB). In this case we also 
write (OA) _L {OB). 

5.1. Exercise. Assume point O lies between A and B. Show that 
for any point X the angle ZXOA is acute if and only if ZXOB is 
obtuse. 

Perpendicular bisector 

Assmne M is the midpoint of the segment [AB]; i.e., M G {AB) and 
AM = MB. 

The line £ passing through M and perpendicular to {AB) passing 
through M is called perpendicular bisector to the segment [^-B]. 

5.2. Theorem. Given distinct points A and B, all points equidistant 
from A and B and no others lie on the perpendicular bisector to [AB] . 
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Proof. Let M be the midpoint of [AB] . 

Assume PA = PB and P ^ M. Ac- 
cording to SSS-condition (4.3), A AMP ^ 
= A BMP. Hence 

ZAMP = ±IBMP. 

Since A ^ B. we have " in the above 
formula. Further, 

TT EE ZAMB = 
= ZAMP + IPMB = 
= 2-ZAMP. 

I.e. ZAMP = if and therefore P lies on the perpendicular bisector. 

To prove converse, suppose P 7^ M is any point in the perpendic- 
ular bisector to [AB]. Then ZAMP = ±f , ZBMP = ±f and AM = 
= BM. Therefore AAMP = ABMP; in particular AP = BP. □ 

5.3. Exercise. Let £ be the perpendicular bisector the the segment 
[AB] and X be an arbitrary point on the plane. 

Show that AX < BX if and only if X and A lie on the same side 
from i. 

5.4. Exercise. Let AABC be nondegenerate. Show that AB > BC 
if and only if \IBCA\ > \ZABC\. 




Uniqueness of perpendicular 

5.5. Theorem. There is one and only one line which pass through a 
given point P and perpendicular to a given line £. 

,p According to the above theorem, there 

yy\ is unique point Q G £ such that (QP) -L £. 

\ This point Q is called foot point of P on £. 

4^/^ Q Proof. If P e f then both statements follows 

A ~g from Axiom II. 

\. / Existence for P ^ £. Let A, B be two dis- 

tinct points of £. Choose P' so that AP' = 
Vp' = AP and IP' AB = -ZPAB. According 

to Axiom III, AAP'B ^ AAPB. Therefore 
AP = AP' and BP = BP'. 
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According to Theorem 5.2, A and B lie 
on perpendicular bisector to [PP']- In par- 
ticular {PP') _L {AB) = £. 

Uniqueness for P ^ £. We will apply the 
theorem on perpendicular bisector (5.2) few 
times. Assume to _L ^ and m 3 P. Then 
TO a perpendicular bisector to some segment 
[QQ'] of £; in particular, PQ = PQ' . 
Since £ is perpendicular bisector to [-P^"], we get PQ = P'Q and 
PQ' = P'Q'. Therefore 

PQ = P'Q = PQ' = P'Q'. 

I.e. P' lies on the perpendicular bisector to [QQ'] which is to. By 
Axiom I, TO = (PP'). □ 




Reflection through the Une 

To find the reflection P' through the line {AB) of a point P, one 
drops a perpendicular from P onto (AB), and continues it to the 
same distance on the other side. 

According to Theorem 5.5, P' is uniquely determined by P. 

Note that P = P' if and only if P € {AB). 

5.6. Proposition. Assume P' is a reflection of the point P in the 
line {AB). Then AP' = AP and if A ^ P then IBAP' = -IBAP. 

Proof. Note that if P € {AB) then P = 
= P' and by CoroUary 2.9 IBAP = 
or TT. Hence the statement follows. 

If P ^ {AB), then P' ^ P. By con- 
struction {AB) is perpendicular bisec- 
tor of [PP']. Therefore, according to 
Theorem 5.2, AP' = AP and BP' = 
= BP. 

In particular, AABP' = AABP. 
Therefore ZBAP' = ±IBAP. Since 
P' ^ P and AP' = AP, we get 
ZBAP' ^ ZBAP. I.e., we are left with 
the case 

ZBAP' = -Li 
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5.7. Corollary. Reflection through the line is a motion of the plane. 
More over if AP'Q'R' is the reflection of APQR then 

IQ'P'R' = -IQPR. 

Proof. From the construction it follows that the composition of two 
reflections through the same line, say {AB), is the identity map. In 
particular reflection is a bijection. 

Assume P', Q' and R' denote the reflections of the points P, Q 
and R through {AB). Let us first show that 

O P'Q' = PQ and lAP'Q' = -lAPQ. 

Without loss of generality we may assume that the points P and 
Q are distinct from A and B. By Proposition 5.6, 

IBAP' = -IBAP, IBAQ' = -IBAQ, 

AP' = AP, AQ' = AQ. 

It follows that ZP'AQ' EE -ZPAQ. Therefore AP'AQ' = APAQ 
and O follows. 

Repeating the same argument for P and R, we get 

lAP'R' = -ZAPR. 

Subtracting the second identity in O, we get 

IQ'P'R' = -IQPR. □ 

5.8. Exercise. Show that any motion of the plane can be presented 
as a composition of at most three reflections. 

5.9. Lemma. Let Q be the foot point of P on line L Then 

PX > PQ 
for any point X on £ distinct from Q. 

Proof. If P £ ^ then the result follows since PQ ~ 0. 
Further we assume that P ^ £. 

Let P' be the reflection of P in £. Note that Q is 
the midpoint of [PP'] and £ is perpendicular bisector 
of [PP']. Therefore 

-D) -X- PX = P'X and PQ = P'Q ^ ^-PP' 



X 



2 

Note that £ meets [PP'] at the point Q only. There- 
fore by the triangle inequality and Exercise 4.6, 

PX + P'X > PP'. 

P' Hence the result follows. □ 
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Angle bisectors 

If ZABX = -ZCBX then we say that Hne {BX) bisects angle ZABC, 
or hne (BX) is a bisector of ZABC. If lABX = tt - ICBX then 
the line (BX) is called external bisector of ZABC. 

Note that bisector and external bisector are uniquely defined by 
the angle. 



Note that if ZABA' = n, i.e., if B lies 
between A and A' , then bisector of A ABC 
is the external bisector of /LA'BC and the 
other way around. 

5.10. Exercise. Show that for any an- 
gle, its bisector and external bisector are 
orthogonal. 




5.11. Lemma. Given angle A ABC and a point X , consider foot 
points Y and Z of X on (AB) and (BC). Assume /.ABC ^ tt, 0. 

Then XY = XZ if and only if X lies on the bisector or external 
bisector of ZABC. 

Proof Let Y' and Z' be the refiections of X through (AB) and (BC) 
correspondingly. By Proposition 5.6, XB = Y'B = Z'B. 
Note that 




XY'^2-XY and XZ' = 2-XZ. 



Applying SSS and then SAS congruence condi- 
tions, we get 



B 



XY=XZ ^ 
^ XY' = XZ' ^ 
^ ABXY' = ABXZ' ^ 
^ IXBY' = ±IBXZ'. 



A 



@ 



According to Proposition 5.6, 



IXBA = -Y'B A, 
IXBC = -Z'BC. 



Therefore 



2-lXBA = /XBY' and 2- IXBC = -XBZ' . 
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I.e., we can continue the chain of equivalence conditions @ the follow- 
ing way 

ZXBY' = ±ZBXZ' ^ 2-lXBA = ±2-ZXBC. 
Since (AB) =^ {BC), we have 

2-ZXBA^2-lXBC 
(compare to Exercise 2.11). Therefore 

XY = XZ ^ 2-ZXBA = -2-lXBC. 
The last identity means either 

ZXBA + IXBC = 



or 

IXBA + IXBC = iT. 
Hence the result follows. □ 



Circles 

Given a positive real number r and a point O, the set F of all points 
on distant r from O is called circle with radius r and center O. 

We say that a point P lies inside T if OP < r and if OP > r, we 
say that P lies outside T. 

A segment between two points on F is called chord of F. A chord 
passing through the center is called diameter. 

5.12. Exercise. Assume two distinct circles F andV have a common 
chord [AB] . Show that the line between centers of F and F' forms a 
perpendicular bisector to [AB] . 



5.13. Lemma. 

intersection. 



A line and a circle can have at most two points of 



-O—h 

A 



B 



C 
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Proof. Assume A, B and C are distinct points which he on a Une i 
and a circle T with center O. 

Then OA = OB = OC; in particular O lies on the perpendicular 
bisectors m and n to [AB\ and [i?C] correspondingly. 

Note that the midpoints of [AB] and [BC] are distinct. There- 
fore m and n are distinct. The later contradicts the uniqueness of 
perpendicular (Theorem 5.5). □ 

5.14. Exercise. Show that two distinct circles can have at most two 
points of intersection. 

In consequence of the above lemma, a line £ and a circle F might 
have 2, 1 or points of intersections. In the first case the line is called 
secant line, in the second case it is tangent line; if P is the only point 
of intersection of i and F, we say that £ is tangent to F at P. 

Similarly, according Exercise 5.14, two circles might have 2, 1 or 
points of intersections. If P is the only point of intersection of circles 
F and F', we say that F is tangent to F at P. 

5.15. Lemma. Let £ be a line and T be a circle with center O. As- 
sume P is a common point of £ and F. Then £ is tangent to T at P if 
and only if and only if (PO) _L £. 

Proof. Let Q be the foot point of O on £. 

Assume P ^ Q. Denote by P' the reflection of P through {OQ). 

Note that P' E £ and {OQ) is perpendicular bisector of [PP']. 
Therefore OP = OP'. Hence P, P' e F n £; i.e., £ is secant to F. 

If P = Q then according to Lemma 5.9, OP < OX for any point 
X G £ distinct from P. Hence P is the only point in the intersection 
Tn£; i.e., £ is tangent to F at P. □ 

5.16. Exercise. Let F and F' be two circles with centers at O and 
O' correspondingly. Assume F and F' intersect at point P. Show that 
F is tangent to F' if and only if O, O' and P lie on one line. 

5.17. Exercise. Let F andV be two distinct circles with centers at 
O and O' and radii r and r' . 

(a) Show that F is tangent to F' if and only if 

OO' ~ r + r' or OO' = \r — r'\. 

(b ) Show that F intersects F' if and only if 



|r-r'| < OO' < r + /. 
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Chapter 6 



Parallel lines and similar 
triangles 

Parallel lines 

In consequence of Axiom I, any two distinct lines t and m have either 
one point in common or none. In the first case they are intersecting] 
in the second case, i and m are said to be parallel (briefly £ |j to); in 
addition, a line is always regarded as parallel to itself. 

6.1. Proposition. Let £, to and n he the lines in the plane. Assume 
that n J- m and to _L ^. Then i \\ n. 

Proof. Assume contrary; i.e., £ !^ n. Then there is a point, say Z, of 
intersection of £ and n. Then by Theorem 5.5, £ — n. In particular 
^ II n, a contradiction. □ 

6.2. Theorem. Given a point P and line £ in the Euclidean plane 
there is unique line m which pass though P and parallel to £. 

The above theorem has two parts, existence and uniqueness. In 
the proof of uniqueness we will use Axiom IV for the first time. 

Proof; existence. Apply Theorem 5.5 two times, first to construct line 
TO through P which is perpendicular to £ and second to construct line 
n through P which is perpendicular to m. Then apply Proposition 6.1. 

Uniqueness. If P G £ then m — £ hy the definition of parallel lines. 
Further we assume P ^ £. 

Let us construct lines n 3 P and to 9 P as in the proof of existence, 
so TO 11 £. 
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Assume there is yet an other hne s 3 P which is distinct from m 
and parallel to £. Choose a point Q G s which lies with £ on the same 
side from m. Let R be the foot point of Q on n. 

Let D be the point of intersection of n and £. According to Propo- 
sition 6.1 {QR) II m. Therefore Q, R and £ lie on the same side from 
m. In particular, R G [PD]- 




Choose Z G [PQ) such that 

PZ _ PD 

Tq ^ Tr' 

Then by Axiom IV, (ZD) _L {PD); i.e. Z e£ns, a. contradiction. □ 

6.3. Corollary. Assume £, m and n are lines in the Euclidean plane 
such that £ \\ m and m \\ n. Then £ \\ n. 

Proof. Assume contrary; i.e. £ !^ n. Then there is a point P £ (1 n. 
By Theorem 6.2, n ~ £, a. contradiction. □ 

Note that from the definition, we have £ \\ m if and only if to || 
II £. Therefore according to the above corollary "||" is an equivalence 
relation. 

6.4. Exercise. Let k, £, m and n be the lines in Euclidean plane. 
Assume that _L £ and m J- n. Show that if k \\ m then £ \\ n. 

Similar triangles 

Two triangles AA'B'C and AABC are similar (briefly AA'B'C - 
^ AABC) if their sides are proportional, i.e., 

O A'B' = k-AB, B'C = k-BC and C'A' = k-CA 

for some fc > and 

lA'B'C = ±IABC, 
@ IB'C'A' = ±IBCA, 

IC'A'B' = ±ICAB. 
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Remarks. 

o According to 3.11, in the above three equahties the signs can be 

assumed to mc the same, 
o If AA'B'C - AABC with k = 1 in O, then AA'B'C ^ 

= AABC. 

o Note that is an equivalence relation; i.e., 

AA'B'C - AABC ^ AABC - AA'B'C 
and if AA"B"C" - AA'B'C and AA'B'C - AABC then 
AA"S"C" - AylSC. 
Using , the Axiom IV can be formulated the fohowing way. 

6.5. Reformulation of Axiom IV. // for two triangles AABC, 
AAB'C andk>0 we have B' e [AB), C e [AC), AB' = k-AB and 
AC = k-AC then AABC - AAB'C. 

In other words, the Axiom IV provides a condition which guar- 
antee that two triangles are similar. Let us formulate yet three such 
conditions. 

6.6. Similarity conditions. Two triangles AABC and AA'B'C 
in the Euclidean plane are similar if one of the following conditions 
hold. 

(SAS) For some constant k > we have 

AB = k-A'B', AC^k-A'C 

and ZBAC ^ ±ZB'A'C'. 
(AA) The triangle AA'B'C is nondegenerate and 

lABC = ±IA'B'C', IB AC = ±IB'A'C'. 

(SSS) For some constant k > we have 

AB^k-A'B', AC^k-A'C, CB^k-C'B'. 

Each of these conditions is proved by applying the Axiom IV with 
SAS, ASA and SSS congruence conditions correspondingly (see Ax- 
iom III and the conditions 4.1, 4.3). 

Proof Set k = Choose points B" e [A' B') and C" G [A'C) so 

that A'B" = k-A'B' and A'C" = k-A'C. By Axiom IV, AA'B'C ~ 
AA'B"C". 

Applying SAS, ASA or SSS congruence condition, depending on 
the case, we get AA'B"C" = AABC. Hence the result follows. □ 
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A triangle with all acute angles is called acute. 

6.7. Exercise. Let AABC be an acute triangle 
in the Euclidean plane. Denote by A' the foot point 
of A on {BC) and by B' the foot point of B on 
(AC). Prove that AA'B'C - AABC. 



Pythagorean theorem 

A triangle is called right if one of its angles is right. The side opposite 
the right angle is called the hypotenuse. The sides adjacent to the 
right angle are called legs. 

6.8. Theorem. Assume AABC be a right triangle in the Euclidean 
plane with right angle at C . Then 

AC^ + BC^ = AB^. 




Proof. Let D be the foot point of C on {AB). 

^ According to Lemma 5.9, 

AD < AC < AB 

and 

AD B BD < BC < AB. 

Therefore D lies between A and B; in particular, 
@ AD + BD = AB. 

Note that by AA similarity condition, we have 
AADC ~ AACB ~ ACDB. 

In particular 

^ ad ac bd bc 

® ac = ab'''''^bc = ba- 

Let us rewrite identities O on an other way: 

AC^ = AB-AD and BC^ = AB-BD. 
summing up above two identities and applying ®, we get 
AC^ + BC^ = AB-{AD + BD) = AB^. 



□ 
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Angles of triangle 

6.9. Theorem. In any triangle AABC in the Euclidean plane, we 
have 

lABC + IBCA + ICAB = tt. 

Proof. First note that if AABC is degenerate then the equahty fohows 
from Lemma 2.8. Further we assume that AABC is nondegenerate. 
Set 

C 

a = ICAB, 
13 = lABC, 
7 ^ IBCA. 

We need to prove that 

© a + /? + 7 = 7r. 

Let K, L, M be the midpoints of 
the sides [BC], [CA], [AB] respectively. Observe that according to 
Axiom IV, 

AAML - AABC, 
AMBK - AABC, 
ALKC - AABC 

and 

LM =\-BC, MK ^\-CA, KL^^-AB. 
According to SSS-condition (6.6), AKLM - AABC. Thus, 

© IMKL = ±a, IKLM ±/3, ZBCA = ±7. 

According to 3.11, the "+" or "— " sign is to be the same throughout 
© 

If in © wc have "+" then © follows since 

/3 + 7 + a = ZAML + ZLMK + ZKMB = IAMB = n 

It remains to show that we can not have "— " in ©. In this case the 
same argument as above gives 

a + — 7 = TT. 
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The same way we get 

a — /3 + 7 = TT 
Adding last two identities we get 

2-a EE 0. 

Equivalently a = tt or 0; i.e. AABC is degenerate, a contradiction. 

□ 

6.10. Exercise. Show that 

\IABC\ + \IBCA\ + \ICAB\ = tt. 
for any AABC in the Euclidean plane. 

6.11. Corollary. In the Euclidean plane, {AB) \\ (CD) if and only 

e 2-{ZABC + lBCD) = 0. 

Equivalently 

lABC + IBCD = or lABC + IBCD = 0; 

in the first case A and D lie on the opposite sides of (BC), in the 
second case A and D lie on the same sides of (BC). 

Proof If (AB) Iff (CD) then there is 
Z e (AB) n (CD) and ABCZ is non- 
degenerate. 

According to Theorem 6.9, 

ZZBC+^BCZ = TT-ICZB ^ or TT. 

Note that 2-lZBC = 2- 1 ABC and 
2-lBCZ = 2- IBCD. Therefore 

2-{ZABC + ZBCD) = 2-ZZBC + 2-ZBCZ ^0; 

i.e., does not hold. 

It remains to note that the identity © uniquely defines line (CD). 
Therefore by Theorem 6.2, if (AB) \\ {CD) then equality O holds. 

Applying Proposition 3.8, wc get the last part of the corollary. □ 
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Parallelograms 

A quadrilateral is an ordered quadruple of pairwise distinct points in 
the plane. A quadrilateral formed by quadruple {A, B,C, D) will be 
called quadrilateral ABCD. 

Given a quadrilateral ABCD. the four segments [AB]^ [-SC], [CD] 
and [DA\ are called sides of ABCD; the remaining two segments [AC] 
and [BD] are called diagonals of ABCD. 

6.12. Exercise. Show for any quadrilateral ABCD in the Euclidean 
plane we have 

lABC + IBCD + ICDA + IDAB = 



A quadrilateral ABCD in the Euclidean plane is called nondegen- 
erate if any three points from A, B, C, D do not lie on one line. 

The nondegenerate quadrilateral ABCD is called parallelogram if 
(AB) II (CD) and (BC) \\ (DA). 

6.13. Lemma. If ABCD is a parallelogram then 

(a) IDAB = IBCD; 

(b) AB = CD. 



Proof Since {AB) \\ {CD), the points C and D 
lie on the same side from {AB). Hence ZABD 
and /LABC have the same sign. Analogously, 
ZCBD and ZCBA have the same sign. Since 
ZABC = -ZCBA, we get that the angles 
ZDBA and ZDBC have opposite signs; i.e., 
A and C lie on the opposite sides of {BD). 
According to Corollary 6.11, 




ZBDC = -ZDBA and ZDBC = -ZBDA. 



By angle-side-angle condition AABD ' 
statements in the lemma. 



ACDB. Which implies both 

□ 




6.14. Exercise. Let £ and m be perpendic- 
ular lines in the Euclidean plane. Given a 
points P denote by Pe and Pm the foot points 
of P on £ and m correspondingly, 
(a) Show that for any X € £ and Y £ m 

there is unique point P such that Pg = X 

and Pm — Y . 
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(h) Show that PQ^ ~ PiQ^ + PmQm Z*"" '^''^U P^*'" of points P and 

Q. 

(c) Conclude that Euclidean plane is isometric to {M.'^,d2) defined 
on page 10. 

6.15. Exercise. Use the Exercise 6.14, to give an alternative proof 
of Theorem 3.15 in the Euclidean plane. 

I.e., prove that given real numbers a, b and c such that 

< a ^b^c^a + c, 

there is a triangle A ABC such that a = BC, b = CA and c ~ AB. 



Chapter 7 

Triangle geometry 



Circumcircle and circumcenter 

7.1. Theorem. Perpendicular bisectors to the sides of any nonde- 
generate triangle in the Euclidean plane intersect at one point. 

The point of the intersection of the perpendicular bisectors is called 
circumcenter. It is the center of the circumcircle of the triangle; i.e., 
the circle which pass through all three vertices of the triangle. The 
circumcenter of the triangle is usually denoted by O. ^ 

Proof. Let AABC be nondegcnerate. Let £ and m 
be perpendicular bisectors to sides [AB] and [AC] 
correspondingly. 

Assume £ and m intersect, let O — £ O n. Since 
O G £, we have OA = OB and since O E m, we 
have OA = OC. It follows that OB = OC; i.e. O 
lies on the perpendicular bisector to [BC]. 

It remains to show that £ !^ m; assume contrary. 
Since £ _L (AB) and m _L {AC), we get (AC) \\ 
II {AB) (see Exercise 6.4). Therefore by Theorem 5.5, {AC) = {AB); 
i.e., AABC is degenerate, a contradiction. □ 

7.2. Corollary. There is unique circle which pass through vertices of 
a given nondegcnerate triangle in the Euclidean plane. 

Altitudes and orthocenter 

An altitude of a triangle is a line through a vertex and perpendicular 
to the line containing the opposite side. (The term altitude is also used 
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for the distance from the vertex to its foot point on the hne containing 
opposite side.) 

7.3. Theorem. The three altitudes of any nondegenerate triangle in 
the Euclidean plane intersect in a single point. 

The point of intersection of altitudes is called orthocenter; it is 
usually denoted as H. 

j\i Proof. Let AABC be nondegenerate. 

Consider three lines £ \\ (BC) through A, m \\ 
II {CA) through B and n \\ {AB) through C. 
Since AABC is nondegenerate, the lines £, m and 
n are not parallel. Set A' = m H n, B' = n D i 
and C = enm. 

Note that ABA'C, BCB'A and CBC'A are 
parallelograms. Applying Lemma 6.13 we get 
that AABC is the median triangle of AA'B'C; i.e., A, B and C 
are the midpoints of [B'C], [CA'] and [A'i?'] correspondingly. By 
Exercise 6.4, (B'C) \\ (BC), the altitudes from A is perpendicular to 
[B'C] and from above it bisects [B'C]. 

Thus altitudes of AABC are also perpendicular bisectors of the 
triangle AA'B'C . Applying Theorem 7.1, we get that altitudes of 
AABC intersect at one point. □ 

7.4. Exercise. Assume H is the orthocenter of an acute triangle 
AABC in the Euclidean plane. Show that A is orthocenter of AHBC. 




Medians and centroid 

A median of a triangle is a segment joining a vertex to the midpoint 
of the opposing side. 

7.5. Theorem. The three medians of any nondegenerate triangle in 
the Euclidean plane intersect in a single point. Moreover the point of 
intersection divides each median in ratio 2:1. 

The point of intersection of medians is called centroid] it is usually 
denoted by M . 

Proof. Consider a nondegenerate triangle AABC . Let [AA'] and [BB'] 
be its medians. 

According to Exercise 3.13, [AA'] and [BB'] are intersecting. Let 
us denote by M the point of intersection. 



53 



By side-angle-sidc condition, AB'A'C - AABCundA'B' = ^-AB. 
In particular lABC = AB'A'C. 

Since A' lies between B and C, we get ZBA'B' + ZB'A'C = n. 
Therefore 

IB'A'B + lA'BC = TT. 

By Corollary 6.11 [AB) \\ {A'B'). 

Note that A' and A lie on the opposite sides 
from {BB'). Therefore by Corollary 6.11 we get 

IB'A'M = IB AM. 

The same way we get, 

ZA'B'M = ZABM. 

By AA condition, AABM ~ AA'B'M. 
Since A'B' ^-AB, we have 



A'A/ B'M 



AM 



BM 




In particular M divides medians [AA'] and [BB'] in ratio 2:1. 
Note that M is unique point on [BB'] such that 



BM 



Repeating the same argument for vertices B and C we get that all 
medians [CC] and [BB'] intersect in M. □ 



Bisector of triangle 



7.6. Lemma. Let AABC be a nondegenerate triangle in the Eu- 
clidean plane. Assume that the bisector of ABAC intersects [BC] at 
the point D. Then 



AB 
AC 



DB 
IXJ' 



Proof. First note that if {AD) _L {BC) then by 
angle- side- angle condition AADB = AADC. In 
particular AB = AC and DB = DC] hence O 
follows. 
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In the remaining case we may assume that ZBDA is obtuse (oth- 
erwise switch labels of B and C). 

Choose a point D' D on (AD) such that ED = BD' (it exists 
due to Lemma 5.15). 

Since ZDAB = —^DAC, the point D lies between C and B. Since 
ABDD' is isosceles, angle ZBDD' is acute. On the other hand ZBDA 
is obtuse, which implies that D lies between A and D' . 

In particular the angles ZCDA and ZBDD' are vertical. Since 
ADBD' is isosceles, we have 

ZBD'A = ZBD'D = 
= -ZBDD' = 
= -ZCLIA 

Since (AD) bisects ZBAC, we have ZDAB = -ZD AC. Applying the 
AA condition, we get AADC - AAD'B. Thus, 

DB _ D'B _ AB 

IXJ ^ UC ~ 'AC' □ 

7.7. Exercise. Prove an analog of Lemma 7.6 for external bisector. 

Incenter 

7.8. Theorem. The angle bisectors of any nondegenerate triangle 

The point of intersection of bisectors 
is called incenter \ it is usually denoted 
as /. The point / lies on the same dis- 
tance from each side, it is the center of 
a circle tangent to each side of triangle. 
This circle is called incircle and its ra- 
dius is called inradius of the triangle. 

Proof. Let AABC be a nondegenerate 
triangle. 

Note that points B and C lie on 
the opposite sides from the bisector of 
ZBAC. Hence this bisector intersects 
[BC] at a point, say A' . 

Analogously, there is B' e [AC] such 
the (BB') bisects ZABC. 



intersect at one point. 

C 




A Z B 
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Applying Pasch's theorem (3.10), twice for the triangles AAA'C 
and ABB'C, we get that [AA'] and [BB'] intersect. Let us denote by 
/ the point of intersection. 

Let X, Y and Z be the foot points of / on (BC), (CA) and (AB) 
correspondingly. Applying Lemma 5.11, we get 

lY ^ IZ ^ IX. 

From the same lemma we get that / lies on a bisector or exterior 
bisector of ZBCA. 

The line (CI) intersects [BB'], the points B and B' lie on opposite 
sides of (CI). Therefore the angles ZICA = ZICB' and ZICB have 
opposite signs. I.e., {CI) can not be exterior bisector of ZBCA. Hence 
the result follows. □ 

More exercises 

7.9. Exercise. Assume that bisector at one vertex of a nondegenerate 
triangle bisects the opposite side. Show that the triangle is isosceles. 

7.10. Exercise. Assume that at one vertex of a nondegenerate tri- 
angle bisector coincides with the altitude. Show that the triangle is 
isosceles. 

C 

7.11. Exercise. Assume sides [BC], [CA\ and 
[AB] of AABC are tangent to incircle at X , Y 
and Z correspondingly. Show that 

AY = AZ = \-{AB + AC- BC). 

A Z B 

By the definition, the orthic triangle is formed by the base points 
of its altitudes of the given triangle. 

7.12. Exercise. Prove that orthocenter of an acute triangle coincides 
with incenter of its orthic triangle. 

What should be an analog of this statement for an obtuse triangle? 
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Inversive geometry 
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Chapter 8 

Inscribed angles 



Angle between a tangent line and a chord 

8.1. Theorem. Let T be a circle with center O in the Euclidean 
plane. Assume line (XQ) is tangent to T at X and [XY] is a chord 
o/r. Then 

O 2-/:QXY = ^XOY. 

Equivalently, 

IQXY =\-lXOY or IQXY = \- IXOY + tt. 



Proof. Note that AXOY is isosce- 
les. Therefore /.YXO = lOYX. 

Applying Theorem 6.9 to AXOY, 
we get 

TT = ZYXO + lOYX + IXOY = 
= 2-lYXO + IXOY. 

By Lemma 5.15, [OX) _L [XQ). 
Therefore 

^QXY + lYXO = ±^. 

Therefore 

2-lQXY EE TT - 2-lYXO EE IXOY. 
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Inscribed angle 

A triangle is inscribed in the circle F 
if all its vertices lie on F. 

8.2. Theorem. Assume that in the 
Euclidean plane, AXPY is inscribed 
in a circle F with center O. Then 

© 2-ZXPY = ZXOY. 

Equivalently, IX PY = \-lXOY or 
IXPY= \ -lXOY + 71." 

Proof. Choose a point Q such that 
{PQ) _L {OP). By Lemma 5.15, {PQ) is tangent to F. 
According to Theorem 8.1, 

2-ZQPX = ZPOX, 
2-lQPY = IPOY. 

Subtracting one identity from the 
other we get @. □ 

Y' 

8.3. Exercise. Let [XX'] and [YY'] 
be two chords of circle F with center 
O and radius r in the Euclidean plane. 
Assume {XX') and {YY') intersect at 
point P. Show that 

(a) 2-lXPY = IXOY + IX' OY'; 

(b) APXY - APY'X'; 

(c) PX PX' = 10^2 _,.2|^ 

8.4. Exercise. Assume that the chords [XX'], \YY'] and [ZZ'] of 
the circle F in the Euclidean plane intersect at one point. Show that 

XY'-ZX'-YZ' = X'Y-Z'X-Y'Z. 

Inscribed quadrilateral 

A quadrilateral ABCD is called inscribed if all the points A, B, C 
and D lie on a circle or a line. 

8.5. Theorem. A quadrilateral ABCD in the Euclidean plane is 
inscribed if and only if 

@ 2-ZABC + 2-ZCDA = 0. 
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Proof; {^). If A, B, C and D lie on 
one line then both ZABC and ZCDA 
are zero or straight. Hence ® follows. 

If A, B, C and D lie on one circle, 
denote by O the center of the circle, 
According to Theorem 8.2, 

2-ZABC= ZAOB, 
2- ZCDA = IBOA. 

Adding these two identities, we get @. 

(<^). Assume © holds. 

If AABC is degenerate then according to Corollary 2.9, ZABC = 
or IT. From ®, ZCDA = or tt. Applying Corollary 2.9 again, we get 
B, D E (AC); i.e., all points A, B, C and D lie on one line. 

If AABC is nondegenerate, denote by O the circumcenter and F 
be the circumcircle of AABC. From ® ZADC ^ nor tt; therefore 
ACDA is nondegenerate and in particular 



© (DA) ^ (CD). 

Now we need to consider two cases. 

Case 1. Assume [CD) is secant of F. 
Denote by D' be the point of intersec- 
tion F and {CD) which is distinct from 
C. From @ and the "only if'-part, we ^ 
get 

2- ZADC = 2-ZAD'C. 

According to Corollary 6.11, (DA) |j 
II {D'A). Hence {DA) = {D'A). From 
we get D ~ D'; hence the result follows 

Case 2. Now assume {CD) is tangent 
of F. Then by Theorem 8.1 

2-ZACD = ZADC. 



According to Theorem 8.2, 
2- ZABC EE ZADC. 
Therefore 

2-ZDCA + 2-ZABC = Q. 
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According to Corollary 6.11, {DC) \\ (DA). Therefore D £ (AC) 
which contradicts O. □ 

8.6. Exercise. Let AABC be a nondegenerate triangle in the Eu- 
clidean plane, A' and B' he foot points of altitudes from A and B. 
Show that A, B, A' and B' lie on one circle. 

What is the center of this circle ? 

8.7. Exercise. Show that a quadrilateral ABCD in the Euclidean 
plane is inscribed if and only if 

lABC - ZBCD + ICDA - IDAB = 0. 




Arcs 

A subset of a circle bounded by two points is called a circle arc. 

More precisely, let F be a circle and A, C € F be three distinct 
points. The subset which includes the points A, C as well as all the 
points on F which lie with B on the same side from [AC] is called 
circle arc ABC . 

For the circle arc ABC, the points A 
and C are called endpoints. Note that 
given two distinct points A and C there 
are two circle arcs of F with the endpoints 
at A and C. 

A half-line [AX) is called tangent to 
arc ABC at A if the line (AX) is tangent 
to F and the points X and B lie on the 
same side from the line (AC). 

If B lies on the line (AC), the arc ABC degenerates to one of two 
following a subsets of line {AC) . 

o li B lies between A and C then we define the arc ABC as the 
segment [AC]. In this case the half-line [AC) is tangent to the 
arc ABC at A. 

o UB G {AC)\[AC] then we define the arc ABC as the line {AC) 
without all the points between A and C. If we choose points X 
and Y S {AC) such that the points X, A, C and Y appear in 
the same order on the line then the arc ABC is formed by two 
half-lines in [AX) and [CY). The half-hne [AX) is tangent to 
the arc ABC at A. 

o In addition, any half-line [AB) will be regarded as an arc. This 
degenerate arc has only one end point A and it assumed to be 
tangent to itself at A. 
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The circle arcs together with the degenerate arcs wiU be caUed 
arcs. 

8.8. Proposition. In the Euclidean plane, a point D lies on the arc 
ABC if and only if 

lADC = ^ABC 
or D coincides with A or C . 

Proof. Note that if A^ B and C he on one hne then 
the statement is evident. 

Assume V be the circle passing through A, B and 

C. 

Assume D is distinct from A and C. According 
to Theorem 8.5, D G T if and only if C* 

2- 1 ADC = 2- 1 ABC. 

equivalently 

ZADC = ZABC or ZADC = ZABC + tt. 

By Exercise 3.12, the first identity holds then B and D lie on one 
side of {AC); i.e., D belongs to the arc ABC. If the second identity 
holds then the points B and D lie on the opposite sides from (AC) , in 
this case D does not belong to the arc ABC. □ 

8.9. Proposition. In the Euclidean plane, a half-lines [AX) is tan- 
gent to the arc ABC if and only if 

lABC + ICAX = TT. 

A 

Proof. Note that for a degenerate arc ABC the 
statement is evident. Further we assume the arc 
ABC is nondcgenerate. 

Applying theorems 8.1 and 8.2, we get 

2-ZABC + 2-ZCAX = 0. 

Therefore either 

lABC + ICAX = TT or lABC + ICAX = 0. 




Since [AX) is the tangent half-line to the arc ABC, X and B lie 
on the same side from (AC). Therefore the angles ZCAX, ZCAB 
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and ZABC have the same sign. In particular /.ABC + /CAX ^ 0; 
i.e., we are left with the case 

lABC + ICAX = TT. |-| 



8.10. Exercise. Assume that in the Euclidean plane, the half-lines 
[AX) and [AY) are tangent to the arcs ABC and ACB correspond- 
ingly. Show that AX AY is straight. 

8.11. Exercise. Show that in the Euclidean plane, there is unique 
arc with endpoints at the given points A and C which is tangent at A 
to the given half line [AX). 



.^1 



8.12. Exercise. Consider two 
arcs ABiC and AB2C in the Eu- 
clidean plane. Let [AXi) and 
[AX2) be the half-lines tangent to 
arcs ABiC and AB2C at A and 
[CYi) and [CY2) be the half-lines 
tangent to arcs AB^C and AB2C 
at C. Show that 



O- 



IXIAX2 = -IYICY2. 



Chapter 9 

Inversion 



Let n be the circle with center O and radius r. The inversion of a 
point P with respect to is the point P' E [OP) such that 

OPOP' = r^. 

In this case the circle will be called the circle of inversion and its 
center is called center of inversion. 

The inversion of O is undefined. If P is 
inside Vt then P' is outside and the other way 
around. Further, P ~ P' \i and only if P £ 

n. 

Note that the inversion takes P' back to 

P. 

9.1. Exercise. Let P he a point inside of a 
circle 11 centered at O in the Euclidean plane. 
Let T he a point where the perpendicular to 
{OP) from P intersects f2. Let P' he the 
point where the tangent to ^ at T intersects 
(OP). Show that P' is the inversion of P in the circle Q. 

9.2. Lemma. Let A' and B' he inversions of A and B with respect 
to a circle of center O in the Euclidean plane. Then 

AOAB - AOB'A'. 

Moreover, 

lAOB = -IB'OA', 
O ^OBA = -IOj^B', 

IBAO = -^A'B'O. 
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Proof. Let r be the radius of the circle of the 
inversion. 

From the definition of inversion, we get 
OA- OA' = OB OB' = r^. 

Therefore 

OA _ OB 
OB' ^ 04'' 

Clearly 

@ ZAOB = lA'OB' = -IB'OA'. 

AOAB - AOB'A'. 
Applying Theorem 3.11 and @, we get O. □ 

9.3. Exercise. Let A' , B' , C be the images of A, B, C under inver- 
sion in the incircle of AABC in the Euclidean plane. Show that the 
incenter of AABC is the orthocenter of AA'B'C . 

Cross-ratio 

Although inversion changes the distances and angles, some quantities 
expressed in distances or angles do not change after inversion. The 
following theorem gives the simplest examples of such quantities. 

9.4. Theorem. Let ABCD and A' B'C'D' be two quadrilaterals in 
the Euclidean plane such that the points A' , B' , C and D' are inver- 
sions of A, B , C , and D correspondingly. 

Then 
(a) 

AB-CD _ A'B'-C'D' 
BC-DA ~ B'C'-D'A'' 

(h) 

^ABC + ^CDA = -{AA'B'C' + IC'D'A'). 
(c) If quadrilateral ABCD is inscribed then so is A' B'C D' . 

Proof; (a). Let O be the center of inversion. According to Lemma 9.2, 
AAOB - AB'OA'. Therefore 

AB __ OA 
A'B' " 'OB'' 
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Analogously, 

BC OC CD OC DA OA 



B'C OB'' CD' OD'' D'A' OD' 

Therefore 

AB B'C CD D'A' OA OB' OC OD' ^ 



A'B' BC CD' DA OB' OC OD' OA 
Hence (a) follows. 
(h). According to Lemma 9.2, 

lABO = -IB'A'O, AlOBC = -lOA'B', 

ICDO = -ID' CO, lODA = -lOA'D'. 

Summing these four identities we get 

lABC + ^CDA = -{ID'C'B' + ZB'A'D')- 

Applying Axiom lib and Exercise 6.12, we get 

ZA'S'C" + IC'D'A^ = -{IB'CD' + ZD' A'B') = 
= ID'C'B' + IB' A'D' . 

Hence (b) follows. 

(c). Follows from (b) and Theorem 8.5. □ 

Inversive plane and clines 

Let f2 be a circle with center O and radius r. Consider the inversion 
in ri. 

Recall that inversion of O is not defined. To deal with this problem 
it is useful to add to the plane a point at infinity which will be denoted 
as oo. Thus we can assume that oo is inversion of O and the other 
way around. 

The Euclidean plane with added a point at infinity is called inver- 
sive plane. 

We will always assume that any line and half- line contains oo. 

It will be convenient to use notion of dine, which means circle or 
line; for example we may say if cline contains oo then it is a line or 
dine which does not contain oo is a circle. 

Note that according to Theorem 7.1, for any A ABC there is unique 
cline which pass through A, B and C. 
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9.5. Theorem. In the inversive plane, inversion of a dine is a cline. 



Proof. Denote by O the center of inverse. 

Let r be a cline. Choose three distinct points A, B and C on F. 
(If AABC is nondegenerate then T is the circumcircle of AABC; if 
AABC is degenerate then F is the hne passing through A, B and C.) 

Denote by A' , B' and C the inversions of A, B and C correspond- 
ingly. Let F' be the cline which pass though A\ B' and C . According 
to 7.1, F' is well defined. 

Assume Z? is a point of inversive plane which is distinct from A, 
C, O and oo. According to Theorem 8.5, D E F if and only if 

2-ICDA + 2-ZABC = 0. 

According to Theorem 9.4b, the later is equivalent to 

2-lC'D'A' + 2-ZA'B'C' = 0. 

Applying Theorem 8.5 again, we get that the later is equivalent to 
D' £ F'. Hence the result follows. 

It remains to prove that O £ F ^ oo G F' and oo e F 4^ O eV. 
Since F is inversion of F' it is sufficient to prove only 

oo e F ^ O e F'. 



Since oo G F we get that F is a 
line. Therefore for any e > 0, the 
line F contains point P with OP > 
r^/e. For the inversion P' £ F' of 
P, we have OP' = r'^/OP < e. I.e., 
the cline F' contains points arbitrary 
close to O. It follows that O e F'. 

□ 



9.6. Exercise. Assume that if cir- 
cle F' is the inversion of circle F in 
the Euclidean plane. Denote by Q 
the center of F and by Q' the inversion of Q 
Show that Q' is not the center ofV. 




9.7. Exercise. Show that for any pair of tangent circles in the inver- 
sive plane there is an inversion which sends them to a pair of parallel 
lines. 

9.8. Theorem. Consider inversion with respect to circle with cen- 
ter O in the inversive plane. Then 
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(a) Line passing through O is inverted into itself. 

(h) Line not passing through O is inverted into a circle which pass 
through O, and the other way around. 

(c) A circle not passing through O is inverted into a circle not pass- 
ing through O. 

Proof. In the proof we use Theorem 9.5 without mentioning. 

(a) . Note that if hne passing through O it contains both oo and O. 
Therefore its inversion also contains oo and O. In particular image is 
a line passing through O. 

(b) . Since any line £ pass through oo, its image £' has to contain O. If 
the line did not contain O then £' ^ oo. Therefore £' is a circle which 
pass through O. 

(c) . If circle F docs not contain O then its image T' does not contain 
oo. Therefore T' is a circle. Since F ^ oo we get T' ^ O. Hence the 
result follows. □ 



Ptolemy's identity 

Here is one application of inversion, which we include as an illustration 
only. 

9.9. Theorem. Let ABCD he an inscribed quadrilateral in the Eu- 
clidean plane. Assume that the points A, B , C and D appear on the 
dine in the same order. Then 

ABCD + BC-DA = AC-BD 

Proof. Assume the points A, B, C, D lie on 
one line in this order. 

Set X = AB, y = BC, z = CD. Note 
that 

X- z -\- y ■ (x + y + z) ^ (x + y) ■ {y + z) . 

Since AC = x + y, BD = y + z and DA = 
= X -\- y + z, it proves the identity. 

It remains to consider the case when quadrilateral ABCD is in- 
scribed in a circle, say F. 

The identity can be rewritten as 

AB-DC BC-AD _ 
BD-CA ^ CA-DB ^ ^' 
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On the left hand side we have two cross-ratios. According to Theo- 
rem 9.4(a), the left hand side does not change if we apply an inversion 
to each point. 

Consider an inversion with in a circle centered at a point O which 
lie on r between A and D. By Theorem 9.8, this inversion maps F to 
a line. This reduces the problem to the case when A, B, C and D lie 
on one line, which was already considered. □ 

Perpendicular circles 

Assume two circles F and A intersect at two points say X and X'. Let £ 
and m be tangent lines at X to F and A correspondingly. Analogously, 
£' and m' be tangent lines at X' to F and A. 

From Exercise 8.12, we get that ^ _L m if and only if ^' _L m'. 

We say that circle F is perpendicular to circle A (briefly F _L A) 
if they intersect and the lines tangent to the circle at one point (and 
therefore both points) of intersection are perpendicular. 

Similarly, we say that circle F is perpendicular to a line i (briefly 
r_L£) ii T n £ and £ perpendicular to the tangent lines to F at 
one point (and therefore both points) of intersection. According to 
Lemma 5.15, it happens only if the line £ pass through the center of 
F. 

Now we can talk about perpendicular clines. 

9.10. Theorem. Assume F and D, are distinct circles in the Eu- 
clidean plane. Then 57 _L F i/ and only if the circle F coincides with 
its inversion in 57. 

Proof. Denote by F' the inver- 
sion of F. 

(^) Let O be the center of ft 
and Q be the center of F. De- 
note by A and B the points of 
intersections of F and 17. Ac- 
cording to Lemma 5.15, F _L 57 
if and only if [OA) and (OB) 
are tangent to F. 

Note that F' also tangent to 
{OA) and (OB) at A and B cor- 
respondingly. It follows that A 
and B are the foot points of the 
center of F' on (OA) and {OB). Therefore both F' and F have the 
center Q. Finally, F' = F, since both circles pass through A. 
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(^) Assume T = T'. 

Since T ^ fl, there is a point P which hes on F, but not on O. 
Let P' be the inversion of P in £7. Since F = F', we have P' E T, 
in particular the half-hnc [OP) intersects F at two points; i.e., O hes 
outside of F. 

As F has points inside and outside il, the circles F and H intersect. 
The later foUows from Exercise 5.17(b). Let A be a point of their 
intersection; we need to show that A is the only intersection point of 
(0^4) and F. Assume X is an other point of intersection. Since O is 
outside of F, the point X lies on the half-hne [OA). 

Denote by X' the inversion oi X in ft. Clearly the three points 
X,X',A he on F and (OA). The later contradicts Lemma 5.13. □ 

9.11. Corollary. A dine in the inversive plane which is distinct from 
the circle of inversion inverts to itself if and only if it is perpendicular 
to the circle of inversion. 

Proof. By Theorem 9.10, it is sufficient to consider the case when the 
cline is a line. The later follows from Theorem 9.8. □ 

9.12. Corollary. Let P and P' be two distinct points in the Euclidean 
plane such that P' is the inversion of P in the circle f2. Assume that 
a cline F pass through P and P' . Then F _L f2. 

Proof. Without loss of generality we may assume that P is inside and 
P' is outside Vl. It follows that F intersects VI; denote by A a point of 
intersection. ° 

Denote by F' the inversion of F. Since A is inversion of itself, the 
points A, P and P' he on F; therefore F' = F. By Theorem 9.10, 
T LVL. □ 

9.13. Corollary. Let P and Q he two distinct points inside the circle 
Q, in the Euclidean plane. Then there is unique cline F perpendicular 
to Q, which pass through P and Q. 

Proof. Let P' be the inversion of point P in a circle H. According to 
Corollary 9.12, the cline passing through P and Q is perpendicular to 
il if and only if it pass though P'. 

Note that P' lies outside of il. Therefore the points P, P' and Q 
are distinct. 

According to Corollary 7.2, there is unique cline passing through 
P, Q and P'. Hence the result follows. □ 
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9.14. Exercise. Let Qi and 5^2 be two distinct circles in the Eu- 
clidean plane. Assume that the point P does not lie on Qi nor on il,2- 
Show that there is unique dine passing through P which is perpendic- 
ular fii and D,2- 

9.15. Exercise. Let P, Q, P' and Q' be points in the Euclidean 
plane. Assume P' and Q' are inversions of P and Q correspondingly. 
Show that the quadrilateral PQP'Q' is inscribed. 

9.16. Exercise. Let f2i and ^2 be two perpendicular circles with 
centers at Oi and O2 correspondingly. Show that the inversion of Oi 
in 5I2 coincides with the inversion of O2 in 

Angles after inversion 

9.17. Proposition. In the inversive plane, the inversion of an arc 
is an arc. 

Proof. Consider four distinct points A, B, C and D; let A' , B' , C and 
D' be their inverses. We need to show that D lies on the arc ABC if 
and only if D' lies on the arc A'B'C . According to Proposition 8.8, 
the later is equivalent to the following 



The following theorem roughly says that the angle between arcs 
changes sign after the inversion. A deeper understanding of this the- 
orem comes from complex analysis. 



^ADC = lABC ^ lA'D'C = lA'B'C. 



Which follows from Theorem 9.4(b). 



□ 




X2 
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9.18. Theorem. Let ABiCi, AB2C2 he two arcs in the inversive 
plane and A' B'^C'i, A' B2C2 he their inversions. Let [^^1) and \AX2) 
he the half-lines tangent to ABiCi and AB2C2 at A and [A'Yi) and 
[A'Y2) he the half-lines tangent to A'B[C[ and A' B'^C'2 at A'. Then 

ZX1AX2 = ~lYiA'Y2. 

Proof. Applying to Proposition 8.9, 

IX1AX2 = IXiACi + /C1AC2 + IC2AX2 = 

= (tt - ICiBiA) + IC1AC2 + (tt - IAB2C2) = 

= -{ICiBiA + IAB2C2 + IC2AC1) EE 

= -{ICiBiA + IAB2C1) - {IC1B2C2 + IC2AC1). 

The same way we get 

Z.YiA'Y2 = -{IC[B[A' + ZA'S^CO - (ZCjB^C^ + ZC^A'Ci). 

By Theorem 9.4(b), 

ICiBiA + IAB2C1 = -{^C[B[A' + ^A'B'^C[), 
IC1B2C2 + IC2AC1 = -{IC[B'2C'2 + IC'2A'C[). 

Hence the resuh follows. □ 

9.19. Corollary. Let P' , Q' and V he the inversions of points P, 
Q and circle T in a circle D, of the Euclidean plane. Assume P is 
inversion of Q inT then P' is inversion of Q' in V . 

Proof, li P = Q then P' = Q' e T' therefore P' is inversion of Q' in 

r. 

It remains to consider the case P ^ Q. Let Ai and A2 be two dis- 
tinct circles which intersect at P and Q. According to Corollary 9.12, 
Ai _L r and A2 -L T. 

Denote by A'j^ and Aj the inversions of Ai and A2 in 17. Clearly 
A']^ and A2 intersect at P' and Q' . 

From Theorem 9.18, the later is equivalent to A'j^ _L F' and A'2 -L 
_L F'. By Corollary 9.11 the later implies P' is inversion of Q' in 
F'. □ 
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Non-Euclidean geometry 
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Chapter 10 

Absolute plane 



Let us remove Axiom IV from the Definition 2.1. This way we define 
a new object caUed absolute plane or neutral plane. (In the absolute 
plane, the Axiom IV may or may not hold.) 

Clearly any theorem in absolute geometry holds in Euclidean ge- 
ometry. In other words, Euclidean plane is an example of absolute 
plane. In the next chapter we will show that there are other examples 
of absolute plane distinct from the Euclidean plane. 

Many theorems in Euclidean geometry which we discussed, still 
hold in absolute geometry. 

In these lectures, the Axiom IV was used for the first time in the 
proof of uniqueness of parallel line in Theorem 6.2. Therefore all the 
statements before Theorem 6.2 also hold in absolute plane. 

It makes all the discussed results about half-planes, signs of angles, 
congruence conditions, perpendicular lines and reflections true in ab- 
solute plane. If in the formulation of a statement above you do not 
see words "Euclidean plane" or "inversive plane", it means that the 
statement holds in absolute plane and the same proof works. 

Let us give an example of theorem in absolute geometry, which 
admits a shorter proof in Euclidean geometry. 

10.1. Theorem. Assume that triangles A ABC and AA'B'C have 
right angles atC andC correspondingly, AB = A' B' and AC = A'C . 
Then A ABC ^ AA'B'C. 

Euclidean proof. By Pythagorean theorem BC = B'C. Then the 
statement follows from SSS congruence condition. □ 

Note that the proof of Pythagorean theorem used properties of 
similar triangles, which in turn used Axiom IV. Hence the above proof 
is not working in absolute plane. 
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B 



Absolute proof. Denote by D the reflection of 
A througli (BC) and by D' the reflection of A' 
through (B'C). Note that 



D 




AD = 2- AC = 2-A'C' = A'D', 



BD = BA 



B' 



"A' = B'D'. 



By SSS, we get AABD = AA'B'D'. 

The theorem follows since C is the midpoint of [AD] and C is the 



10.2. Exercise. Give a proof of Exercise 7.9 which works in the 
absolute plane. 

Two angles of triangle 

In this section we will prove a weaker form of Theorem 6.9 which holds 
in absolute plane. 

10.3. Proposition. Let AABC be nondegenerate triangle in the ab- 
solute plane. Then 



Note that in Euclidean plane the theorem follows immediately from 
Theorem 6.9 and 3.11. In absolute geometry we need to work more. 

Proof. Without loss of generality we may assume that ZCAB and 
ZABC arc positive. 

Let M be the midpoint of [AB]. Chose C" e (CM) distinct from 



midpoint of [A'D']. 



□ 



[ICAB[ + [IABC[ < TT. 



C so that CM = CM. 



G' 



Note that the angles AAMC and 
/LBM C' arc vertical; in particular 



C 




By construction AM = BM and CM = 
= CM. Therefore AAMC ^ ABMC and 
according to 3.11, wc get 



ZAMC = ZBMC. 



ZCAB = ZC'BA. 



In particular, 



ZC'BC = IC'BA + lABC = 
= ZCAB + ZABC. 
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Finally note that C" and A lie on the same side from {CB). There- 
fore the angles ZCAB, A ABC and ZC'BC are positive. By Exer- 
cise 3.3, the result follows. □ 

10.4. Exercise. Assume A, B, C and D be points in absolute plane 
such that 

2-lABC + 2-IBCD = 0. 

Show that {AB) \\ {CD). 

Note that one can not extract the solution of the above exercise 
from the proof of Corollary 6.11 

10.5. Exercise. Prove side- angle- angle congruence condition in ab- 
solute plane. 

In other words, let AABC and AA' B'C be two triangles in abso- 
lute plane. Show that AABC ^ AA'B'C if 

AB = A'B\ lABC ^±IA'B'C' and IBCA = ±ZB'C' A' . 

Note that the Theorem 6.9 can not be applied in the above exercise. 

10.6. Exercise. Assume that point D lies between the vertices A and 
B of triangle AABC . Show that 

CD < CA or CD < CB. 



Three angles of triangle 

10.7. Proposition. Let AABC and AA'B'C be two triangles in the 
absolute plane such that AC = A'C and BC = B'C . Then 

AB < A'B' if and only if \ZACB\ < \ZA'C'B'\. 



Proof. Without loss of generality, we 
may assume that A ~ A' and C = C 
and ZACB, lACB' ^ 0. In this case we 
need to show that 

AB < AB' ^ lACB < lACB'. 

Choose point X so that 




lACX = W^ACB + ZACB'). 



Note that 
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o (CX) bisects ZBCB' 

o {CX) is the perpendicular bisector of [BB']. 

o A and B lie on the same side from (CX) if and only if 

lACB < lACB'. 

From Exercise 5.3, A and B lie on the same side from {CX) if and 
only if AB < AB' . Hence the result follows. □ 

10.8. Theorem. Let AABC be a triangle in the absolute plane. 
Then 

\IABC\ + \IBCA\ + \ICAB\ tt. 

The following proof is due to Legendre [5], earlier proofs were due 
to Saccheri [7] and Lambert [4]. 

Proof. Let AABC be the given triangle. Set 

a = BC, b = CA, c = AB, 

a = ZCAB p = ZABC 7 = IBCA. 

Without loss of generality, we may assume that a, /3, 7 ^ 0. 

Fix a positive integer n. Consider points Aq, Ai, . . . , A„ on the 
half-line [BA) so that BAi = i-c for each i. (In particular, Aq = B 
and Ai = A.) Let us construct the points Ci, C2,...,C„, so that 
ZAiAi-iCi = /3 and Ai-iCi = a for each i. 




a b ^ a b a b a b 

Ao Ai A2 ■■■ An 

This way we construct n congruent triangles 

AABC = AAiA^Ci ^ 

— AAnAn—lCn. 

Set d = C1C2 and 5 = IC2A1C1. Note that 
O a + (3 + 5 = TT. 
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By Proposition 10.3, (5^0. 
By construction 



AA„_iC„_iC„. 



In particular, C^Ci+i = d for each i. 

By repeated application of the triangle inequality, we get that 



n-c = AoAn ^ 

sc: AoC, + C1C2 + ■ ■ 

= a+ {n- l)-d + b. 



In particular, 

c ^ (i+ i-(a + fe- d). 
Since n is arbitrary positive integer, the later implies 

c^d. 

From Proposition 10.7 and SAS, the later is equivalent to 

From O, the theorem follows. 

Let us define the defect of triangle AABC is defined as 

defect(AABC) = tt - \IABC\ + \IBCA\ 

Note that Theorem 10.8 sates that, defect of 
any triangle in absolute plane has to be nonneg- 
ative. According to Theorem 6.9, any triangle 
in Euclidean plane has zero defect. 

10.9. Exercise. Let AABC be nondegenerate 
triangle in the absolute plane. Assume D lies 
between A and B. Show that 



□ 




defect(Ay4BC) = defect (A ADC) + defect(Ai:)BC). 



How to prove that the something 
can not be proved? 

Many attempts were made to prove that any theorem in Euclidean 
geometry holds in absolute geometry. The later is equivalent to the 
statement that Axiom IV is a theorem in absolute geometry. 
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Many these attempts being accepted as proofs for long periods of 
time until the mistake was found. 

There is a number of statements in the geometry of absolute plane 
which are equivalent to the Axiom IV. It means that if we exchange 
the Axiom IV in the Definition 2.1 to any of these statements then we 
will obtain an equivalent axiomatic system. 

Here we give a short list of such statements. (We are not going to 
prove the equivalence in the lectures.) 

10.10. Theorem. An absolute plane is Euclidean if and only if one 
of the following equivalent conditions hold. 

(a) There is a line £ and a point P not on the line such that there 
is only one line passing through P and parallel to £. 

(h) Every nondegenerate triangle can be circumscribed. 

(c) There exists a pair of distinct lines which lie on a bounded dis- 
tance from each other. 

(d) There is a triangle with arbitrary large inradius. 

(e) There is a nondegenerate triangle with zero defect. 

It is hard to imagine an absolute plane, which does not satisfy some 
of the properties above. That is partly the reason why for the large 
number of false proofs; they used such statements by accident. 

Let us formulate the negation of the statement (a) above. 

IVh. For any line t and any point P ^ I there are at least two lines 
which pass through P and have no points of intersection with £. 

According to the theorem above, any non-Euclidean absolute plane 
Axiom IV/i holds. 

It opens a way to look for a proof by contradiction. Simply ex- 
change Axiom IV to Axiom IVh in the Definition 2.1 and start to 
prove theorems in the obtained axiomatic system. In the case if we 
arrive to a contradiction, we prove the Axiom IV in absolute plane. 

These attempts were unsuccessful as well, but this approach led to 
a new type of geometry. 

This idea was growing since 5th century; the most notable result 
were obtained by Saccheri in [7]. The more this new geometry was 
developed, it became more and more believable that there will be no 
contradiction. 

The statement that there is no contradiction appears first in private 
letters of Bolyai, Gauss, Schweikart and Taurinus"'^. They all seem to 
be afraid to state it in public. Say, in 1818 Gauss writes 



The oldest surviving letters were the Gauss letter to Gerling 1816 and yet more 
convincing letter dated by 1818 of Schweikart sent to Gauss via Gerling. 
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. . . / am happy that you have the courage to express 
yourself as if you recognized the possibility that our paral- 
lels theory along with our entire geometry could be false. 
But the wasps whose nest you disturb will fly around your 
head. . . . 

Lobachevsky came to the same conclusion independently, unlike 
the others he had courage to state it in public and in print (see [6]). 
That cost him serious troubles. 

Later Beltrami gave a clean proof that if hyperbolic geometry has 
a contradiction then so is Euclidean geometry. This was done by 
modeling points, lines, distances and angle measures of hyperbolic 
geometry using some other objects in Euclidean geometry; this is the 
subject of the next chapter. 

Arguably, the discovery of non-Euclidean geometry was the second 
main discoveries of 19th century, trailing only the Mendel's laws. 

Curvature 

In a letter from 1824 Gauss writes: 

The assumption that the sum of the three angles is less 
than TT leads to a curious geometry, quite different from 
ours but thoroughly consistent, which I have developed to 
my entire satisfaction, so that I can solve every problem 
in it with the exception of a determination of a constant, 
which cannot be designated a priori. The greater one takes 
this constant, the nearer one comes to Euclidean geometry, 
and when it is chosen indefinitely large the two coincide. 
The theorems of this geometry appear to be paradoxical and, 
to the uninitiated, absurd; but calm, steady reflection re- 
veals that they contain nothing at all impossible. For ex- 
ample, the three angles of a triangle become as small as 
one wishes, if only the sides are taken large enough; yet 
the area of the triangle can never exceed a definite limit, 
regardless how great the sides are taken, nor indeed can it 
ever reach it. 

In the modern terminology the constant which Gauss mentions, 
can be expressed as l/^J—k, where k denotes so called curvature of 
the absolute plane which we are about to introduce. 

The identity in the Exercise 10.9 suggests that defect of triangle 
should be proportional to its area.^ 



■^We did not define area; instead we refer to intuitive understanding of area 
which reader might have. The formal definition of area is quite long and tedious. 
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In fact for any absolute plane there is a nonpositive real number k 
such that 

k- area(AABC) + defect (A ABC) = 

for any triangle AABC. This number k is called curvature of the 
plane. 

For example, by Theorem 6.9, the Euclidean plane has zero curva- 
ture. By Theorem 10.8, curvature of any absolute plane is nonpositive. 

It turns out that up to isometry, the absolute plane is characterized 
by its curvature; i.e., two absolute planes are isometric if and only if 
they have the same curvature. 

In the next chapter we will construct hyperbolic plane, this is an 
example of absolute plane with curvature k ~ —1. 

Any absolute planes, distinct from Euclidean, can be obtained by 
rescaling metric on the hyperbolic plane. Indeed, if we rescale the 
metric by factor c, the area changes by positive factor c^, while defect 
stays the same. Therefore taking c = V—k, we can get the absolute 
plane given curvature fc < 0. In other words, all the non-Euclidean 
absolute planes become identical if we use r ~ 1/ \J —k as the unit of 
length. 

In the Chapter 13, we briefly discuss the geometry of the unit 
sphere. Although spheres are not absolute planes, the spherical geom- 
etry is a close relative of Euclidean and hyperbolic geometries. 

The nondegenerate spherical triangles have negative defect. More- 
over if R is the radius of the sphere then 

• area( A ABC) + defcct(AABC) = 

for any spherical triangle AABC. In other words, the sphere of radius 
R has positive curvature k = 



Chapter 11 

Hyperbolic plane 
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Poincare disk model 

Further we will discuss the Poincare disk model of hyperbolic plane; 
an example of absolute plane in which Axiom IV docs not hold, in 
particular this plane is not Euclidean. This model was discovered by 
Beltrami in [2] and popularized later by Poincare. 

On the figure above you see the Poincare disk model of hyperbolic 
plane which is cut into congruent triangles with angles ^, ^ and j. 



Description of the model 



In this section we describe the model; i.e., we give new names for some 
objects in Euclidean plane which will represent lines, angle measures, 
distances in the hyperbolic plane. 

Hyperbolic plane. Let us fix a circle on the Euclidean plane and 
call it absolute. The set of points inside the absolute will be called 
hyperbolic plane (or h-plane). (The absolute itself does not lie in the 
h-plane.) 

We will often assume that the absolute is a unit circle. 

Hyperbolic lines. The intersections of h-plane with clines perpen- 
dicular to the absolute are called hyperbolic lines (or h-lines). 

Note that according to 
Corollary 9.13, there is unique 
^ ,^ h-line which pass through 
given two distinct points P 
\ and Q. This h-line will be 
I denoted as {PQ)h- 
j The arcs of hyperbolic 
r / lines will be called hyperbolic 

. segments or h-segments. An 

h-segment with endpoints P 
and Q will be denoted as 

[PQ]h- 

The subset of h-line on one side from a point will be called hyper- 
bolic half-line (or h-half-line) . An h-half-line from P passing through 
Q will be denoted as [PQ)h- 

If r is the circle containing the h-line {PQ)h then the points of 
intersection of F with absolute are called ideal points of {PQ)h- (Note 
that the ideal points of h-line do not belong to the h-line.) 

So far {PQ)h is just a subset of h-plane; below we will introduce 
h-distance an later we will show that {PQ)h is a line for the h-distance 
in the sense of the Definition 1.7. 
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Hyperbolic distance. Let P and Q be distinct points in h-plane. 
Denote by A and B be the ideal points of {PQ)h- Without loss of 
generality, wc may assume that on the Euclidean circle containing the 
h-line {PQ)h, the points A, P, Q, B appear in the same order. 
Consider function 

Note that right hand side is the cross-ratio, which appeared in Theo- 
rem 9.4. Set S{P, P) = 1 for any point P in h-plane. Set 

PQh = lnS{P,Q). 

The proof that PQh is a metric on h-planc will be given below, for 
now it is just a function which returns a real value PQh for any pair 
of points P and Q in the h-plane. 

Hyperbolic angles. Consider three points P, Q and R in the h-plane 
such that P Q and R ^ Q. The hyperbolic angle ZhPQR is ordered 
pair of h-lialf-lincs [QP)h and [QR)h- 

Let IQX) and [QY) be (Euclidean) half-lines which are tangent to 
[QP]h and [QR\h at Q. Then the hyperbolic angle measure (or h- angle 
measure) ZhPQR is defined as ZXQY. 



What has to be proved? 

In the previous section we defined all the notions in the formulation 
of the axioms. It remains to check that each axiom holds. 
Namely wc need to show the following statements. 

11.1. Statement. The defined h-distance is a metric on h-plane. 
I.e., for any three points P, Q and R in the h-plane we have 

(a) PQh > 0; 

(b) P ^ Q if and only if PQh ~ 0; 

(c) PQh = QPh- 

(d) QRh^QPh + PRh- 

11.2. Statement. A subset £ of h-plane is an h-line if and only if it 
is a line for h-distance; i.e., if there is a bijection l: £ R such that 

XYh = \iiX) - i{Y)\ 

for any X and Y G £. 

11.3. Statement. Each Axiom of absolute plane holds. Namely we 
have to check the following: 
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L There is one and only one h-line, that contains any two given 

distinct points P and Q of h-plane. 
n. The h- angle measure satisfies the following conditions: 

(a) Given a h-half-line [QA)ii and a G (— tt, tt] there is unique 
h-half-line [QB)ii such that ^f^AQB = a 

(h) For any points A, B and C distinct from Q, we have 
ZhAQB + IhBQC = IhAQC. 



(c) The function 

Ih - iA,Q,B) ^ lAQB 

is continuous at any triple of points {A,Q,B) in the h-plane 
such that Q ^ A and Q ^ B and /.^AQB ^ tt. 

///. l\hABC ^ AhA'B'C if and only ifA'B'^ = AB,,, A'C'^ ACh 
and ^hC'A'B' = ±Z,,CAB. 

Finally we need to prove the following statement in order to show 
that h-plane is distinct from Euclidean plane. 

11.4. Statement. The Axiom IVh on page 82 holds. 

The proofs of these statements rely on the observation described 
in the next section. 



Auxiliary statements 

11.5. Lemma. Consider h-plane with unit circle as absolute. Let 
O be the center of absolute and P ^ O be an other point of h-plane. 
Denote by P' the inversion of P in the absolute. 

Then the circle T with center P' and radius — OP^ is orthog- 

onal to the absolute. Moreover O is the inversion of P in T. 

Proof. Follows from Exercise 9.16. □ 

Assume F is a cline which is perpen- 
dicular to the absolute. Consider the 
inversion X i— > X' in F, or if F is a line, 
set X ^ X' to be the reflection through 
F. 

The following proposition roughly 
says that the map X i-^ X' respects all 
the notions introduced in the previous section. Together with the 
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lemma above, it implies that in any problem which formulated en- 
tirely in h-terms we can assume that a given point lies in the center 
of absolute. 

11.6. Main observation. The map X i-^ X' described above is a 
bijection of h-plane to itself. Moreover for any points P, Q, R in the 
h-plane such that P ^ Q and Q ^ R the following conditions hold 

(a) The sets {PQ)h, [PQ)h and [PQ]h are mapped to {P'Q')h, [P'Q')h 
and [P'Q']h correspondingly. 

(b) S{P',Q') = 5{P,Q) and 

P'Q'h = PQh- 
IhP'Q'R' = -IhPQR. 



Proof. According to Theorem 9.10 the map sends the absolute to itself. 
Note that the points on F do not move, it follows that points inside of 
absolute remain inside after the mapping and the other way around. 

Part (a) follows from 9.5 and 9.18. 

Part (b) follows from Theorem 9.4. 

Part (c) follows from Theorem 9.18. □ 

11.7. Lemma. Assume that the absolute is a unit circle centered at 
O. Given a point P in the h-plane, set x = OP and y ~ OPh. Then 

\+x ^ ey-i 

■y = in and x = . 

" 1-x ev + 1 



Proof. Note that h-linc {OP)h lies in 
a diameter of absolute. Therefore if A 
and B arc points in the definition of h- 
distancc then 

OA = OB = 1, 
PA=\ + x, 
PB = l~x. 



Therefore 



In 



= In 



AP-BO 
PBOA 

l + x 

1-x' 
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Taking exponent of left and right hand side and applying obvious 
algebra manipulations we get 

_e« -1 

^ ~ ey + 1 ■ □ 

11.8. Lemma. Assume points P , Q and R appear on one h-line in 
the same order. Then 

PQh + QRh = PRh 



Proof. Note that 

PQh + QRh = PRh 

is equivalent to 

O 5{P,Q)-S{Q,R)^S{P,R). 

Let A and B be the ideal points of {PQ)h. Without loss of gener- 
ality we can assume that the points A, P, Q, R, B appear in the same 
order on the cline containing {PQ)h. Then 

ARBP 



RB-PA 
5{P,R) 



Hence O follows. □ 

Let P be a point in h-plane and p > 0. The set of all points Q in 
the h-plane such that PQh = p is called h- circle with center P and 
h-radius p. 

11.9. Lemma. Any h-circle is formed by a Euclidean circle which 
lies completely in h-plane. 

More precisely for any point P in the h-plane and p ^ there is a 
p ^ and a point P such that 

PQh = P ^ PQ = P- 

Moreover, if O is the center of absolute then 

1. O = O for any p and 

2. P e (OP) for any P^O. 
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Proof. According to Lemma 11.7, 
OQh = p if and only if 



OQ = p = 



1 



eP + 1 




Therefore the locus of points Q such 
that OQh = p is formed by the Eu- 
clidean circle, denote it by Ap. 

If P =/= O, applying Lemma 11.5 
and the Main observation (11.6) we get 
a circle T perpendicular to the absolute 
such that P is the inversion of O in F. 

Let Ap be the inversion of Ap in F. Since the inversion in F pre- 
serves the h-distance, PQh — p if and only if Q G A^. 

According to Theorem 9.5, A^ is a circle. Denote by P the center 
and by p the radius of Ap. 

Finally note that Ap reflects to itself in (OP); i.e., the center P 
lies on (OP). □ 



The sketches of proofs 



In this section we sketch the proofs of the statement 11.1 11.4. listed 
in the section one before last. 

We will always assume that absolute is a unit circle centered at the 
point O. 

Proof of 11.1; (a) and (h). Denote by O the center of absolute. With- 
out loss of generality, we may assume that Q ^ O. If not apply 
Lemma 11.5, together with Main Observation (11.6). 
Note that 



S{0,P) 



1 + OP 
1 - OP 



^ 1 



and the equality holds only if P = O. 
Therefore 



OPh = \nS{0,P) ^ 0. 

and the equality holds if and only if P = O. 

(c). Let A and B be ideal points of {PQ)h and 
A, P, Q, B appear on the clinc containing {PQ)h in 
the same order. 
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Then 



PQh = In 



In 



AQBP 
QB-PA 
BPAQ 




PAQB 
^QPh- 

(d). Without loss of gencrahty, we may 
assume that RPt ^ PQh- Applying 
the main observation we may assume 
that R = 0. 

Denote by A the h-circle with cen- 
ter P and h-radius PQh- Let S and 
T be the points of intersection of (OP) 
and A. 

Since PQh ^ OPh, by Lemma 11.8 we can assume that the points 
O, S P and T appear on the h-line in the same order. 

Let P be as in Lemma 11.9 for P and p = PQh- Note that P is 
the (Euclidean) midpoint of [ST]. 

By the Euclidean triangle inequality 

OT ^ OP + PQ ^ OQ. 

Since the function f{x) = In is increasing for x e [0,1), the 
Lemma 11.7 implies that OTh ^ QQh- 

Finally applying Lemma 11.8 again, we get 



Therefore 



on = oPh + PQh 



OQh ^ OPh + PQh 



□ 



Proof of 11.2. Let ^ be an h-line. Applying the main observation we 
can assume that I contains the center of absolute. In this case i is 
formed by intersection of diameter of absolute and the h-plane. Let A 
and B be the endpoints of the diameter. 
Consider map i : ^ — > K. defined as 



Note that l: ^ — > R is a bijection. 
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Further, ii X,Y i and the points A, X,Y and B appear on [AB] 
in the same order then 



|.(y)-.(x)| 



, AY AX 

In hi 

YB XB 



, AY-BX 
In 



YB-XB 



XYh 



i.e., any h-hne is a line for h- metric. 

Note that the equahty in @ holds only if Q = T. In particular if 
Q lies on {OP)h- Hence any line for h-distance is an h-line. □ 

Proof of 11.3. Axiom I follows from Corollary 9.13. 

Let us prove Axiom II. Applying the main observation, we may as- 
sume that Q = O. In this case, for any point X ^ O in h-plane, [OX)h 
is the intersection of [OX) with h-plane. Hence all the statements in 
Axiom Ila and lib follow. 

In the proof of Axiom He, we can assume that Q is distinct from 
O. Denote by Z the inversion of Q in the absolute and by F the circle 
perpendicular to the absolute which is centered at Q' . According to 
Lemma 11.5, the point O is the inversion of Q in F; denote by A' and 
B' the inversions in F of the points A and B correspondingly. Note 
that the point A' is completely determined by the points Q and A, 
moreover the map (Q, A) i— > A' is continuous at any pair of points 
(Q, A) such that Q ^ O. The same is true for the map (Q, B) i— > B' 

According to the Main Observation 

ZhAQB = -IhA'OB'. 

Since IhA'OB' = lA'OB' and the maps (Q,A) ^ A', (Q, B) ^ B' 
are continuous, the Axiom He follows from the corresponding axiom 
of Euclidean plane. 

Now let us show that Axiom III holds. Applying the main observa- 
tion, we can assume that A and A' coincide with the center of absolute 

0. In this case 

IC'OB' = ZhC'OB' = ±lhCOB = ±IC0B. 

Since 

OBh = and OCh = OC^, 

Lemma 11.7 implies that the same holds for the Euclidean distances; 

1. e., 

OB = OB' and OC = OC . 

By SAS, there is a motion of Euclidean plane which sends O to itself, 
B to B' and C to C 

Note that the center of absolute is fixed by the corresponding mo- 
tion. It follows that this motion gives also a motion of h-plane; in 
particular the h-triangles A^OBC and A^OB'C are h-congruent. 
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Proof of 11.4- Finally we need to check 
that the Axiom IV^ holds. 

Applying the main observation we 
can assume that P — O. 

The remaining part of proof is left 
to the reader; it can be guessed from 
the picture □ 



Chapter 12 

Geometry of h-plane 



In this chapter wc study the geometry of the plane described by 
Poincare disc modeL For briefness, this plane will be called h-plane. 
Note that we can work with this model directly from inside of Eu- 
clidean plane but we may also use the axioms of absolute geometry 
since according to the previous chapter they all hold in the h-plane. 

Angle of parallelism 

Let P be a point off an h-line £. Drop a perpendicular {PQ)h from P 
to ^ with foot point Q. Let tp be the least angle such that the h-line 
{PZ)h with \/^hQPZ\ = tf does not intersect £. 

The angle Lp is called angle of parallelism of P to Clearly Lp 
depends only on the distance h = PQh- Further tf{h) — >■ 7r/2 as 
h — > 0, and ip{h) — > as /i oo. (In Euclidean geometry the angle of 
parallelism is identically equal to 7r/2.) 

If I, P and Z as above then the 
h-line m = {PZ)h is called asymptot- 
ically parallel to £} In other words, 
two h-lines are asymptotically parallel 
if they share one ideal point. 

Given P ^ £ there are exactly two 
asymptotically parallel lines through P 
to £; the remaining parallel lines t £ 
through P are called ultra parallel. 

On the diagram, the two solid h- 
lines passing through P are asymptot- 

'^In hyperbolic geometry the term parallel lines is often used for asymptotically 
parallel lines; we do not follow this convention. 
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ically parallel to £; the dotted li-line is 
ultra parallel to £. 

12.1. Proposition. Let Q be the foot point of P on h-line £. Denote 
by if the angle of parallelism of P to i and let h ~ PQh- Then 

h= i.lni±i^. 

2 1 — cosf^ 

Proof. Applying a mo- 
tion of h-planc if neces- 
sary, we may assume P 
is the center of absolute. 
Then the h-lines through 
P are formed by the inter- 
sections of Euclidean lines 
with the h-plane. 

Let us denote by A and 
B the ideal points of £. 
Without loss of generality 
we may assume that ZAPB is positive. In this case 

ip = ZQPB = ZAPQ = \ -lAPB. 

Let Z be the center of the circle F containing the h-line i. Set X to 
be the point of intersection of the Euclidean segment [AB] and (PQ). 
Note that, OX = cos(p therefore by Lemma 11.7, 

Note that both angles ZPBZ and ZBXZ arc right. Therefore 
AZBX - AZPB, sine the ZPZB is shared. In particular 

ZXXP = ZB^: 




i.e., X is the inversion of P in F. 

The inversion in F is the reflection of h-plane through 

h = PQh = QXh = 

= h-oxh = 

= i.lni±£2ii£. 

2 1 — cosfp 



Therefore 



□ 



Inradius of h-triangle 

12.2. Theorem. Inradius of any h-triangle is less than ^- In 3. 
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Proof. First note that any triangle in li- 
plane lies in an ideal triangle; i.e., a re- 
gion bounded by three pairwise asymp- 
totically parallel lines. 

A proof can be seen in the picture. 
Consider arbitrary h-triangle A^XYZ. 
Denote by A, B and C the ideal points 
of the h-half-lines [XY)h, [YZ)h and 
[ZX)h. 

It should be clear that inradius of 
the ideal triangle ABC is bigger than 
inradius of AhXYZ. 

Applying an inverse if necessary, we can assume that h-incenter 
(O) of the ideal triangle is the center of absolute. Therefore, without 
loss of generality, we may assume 

ZAOB = IBOC = ICO A = I-tt. 



It remains to find the inradius. De- 
note by Q the foot point of O on 
{AB)h- Then OQh is the inradius. 
Note that the angle of parallelism of 
{AB)h at O is equal to ^. 

By Proposition 12.1, 



OQh 



In- 



In- 




In 3. 



□ 



12.3. Exercise. Let ABCD be a quadrilateral in h-plane such that 
the h-angles at A, B and C are right and ABh = BCh- Find the 
optimal upper bound for ABh ■ 



Circles, horocycles and equidistants 

Note that according to Lemma 11.9, any h-circle is formed by a Eu- 
clidean circle which lies completely in the h-plane. Further any h-line 
is an intersection of the h-plane with the circle perpendicular to the 
absolute. 

In this section we will describe the h-geometric meaning of the 
intersections of the other circles with the h-plane. 
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You will see that all these intersections formed by a perfectly round 
shape in the h-plane; i.e., h-geometrically all the points on an equidis- 
tant look the same. 

One may think of these curves as about trajectories of a car which 
drives in the plane with fixed position of the wheel. In the Euclidean 
plane, this way you cither run along a circles or along a line. 

In hyperbolic plane the picture is 
different. If you turn wheel far right, 
you will run along a circle. If you turn 
it less, at certain position of wheel, you 
will never come back, the path will be 
different from the line. If you turn the 
wheel further a bit, you start to run 
along a path which stays on the same 
distant from an h-line. 

Equidistants of h-lines. Consider h- 
planc with absolute fl. Assume a circle 
r intersects D, in two distinct points A and B. Denote by g the in- 
tersection of r with h-planc. Let us draw an h-line m with the ideal 
points A and B. 

12.4. Exercise. Show that the h-line m is uniquely determined by 
its ideal points A and B. 

Consider any h-line i perpendicular to m; let A be the circle con- 
taining £. 

Note that A _L F. Indeed, according to Corollary 9.11, m and fl 
inverted to themselves in A. It follows that A is the inversion of B in 
A. Finally, by Corollary 9.12, wc get that A _L F. 

Therefore inversion in A sends both m and g to themselves. So if 
P' ,P G g are inversions of each other in A then they lie on the same 
distance from m. Clearly we have plenty of choice for £, which can be 
used to move points along g arbitrary keeping the distance to to. 

It follows that g is formed by the set 
of points which lie on fixed h-distance 
and the same h-side from to. 

Such curve g is called equidistant to 
h-line m. In Euclidean geometry the 
equidistant from a line is a line; appar- 
ently in hyperbolic geometry the pic- 
ture is different. 

Horocycles. If the circle F touches the 
absolute from inside at one point A then 
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h = r\{A} lie in h-plane. This set is called horocycle. It also has 
perfectly round shape in the sense described above. 

Horocycles are the boarder case between circles and equidistants 
to h-lines. An horocycle might be considered as a limit of circles which 
pass through fixed point which the centers running to infinity along a 
line. The same horocycle is a limit of equidistants which pass through 
fixed point to the h-lincs running to infinity. 

12.5. Exercise. Find the leg of be a right h-triangle inscribed in a 
horocycle. 

Hyperbolic triangles 

12.6. Theorem. Any nondegenerate hyperbolic triangle has positive 
defect. 

Proof. Consider h-trinagle AhABC. Ac- 
cording to Theorem 10.8, 

O defect(AftABC) ^ 0. 

It remains to show that in the case of equality 
the triangle AhABC degenerates. 

Without loss of generality, we may as- 
sume that A is the center of absolute; in this case ^hCAB = ZCAB. 
Yet we may assume that 

ZhCAB, ^hABC, IhBCA, ZABC, ZBCA ^ 0. 

Let D be an arbitrary point in [C'B]}i distinct from B and C. From 
Proposition 8.9 

ZABC - IhABC = TT - ICDB = IBCA - luBCA. 

From Exercise 6.10, we get 

defect(A,,^BC) ^2-{tt- ICDB). 

Therefore if we have equality in O then ZCDB = tt. In particular the 
h-segment [BC]h coincides with Euclidean segment [BC]. The later 
can happen only if the h-line passes through the center of absolute; 
i.e., if AhABC degenerates. □ 

The following theorem states in particular that hyperbolic triangles 
are congruent if their corresponding angles are equal; in particular in 
hyperbolic geometry similar triangles have to be congruent. 
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12.7. AAA congruence condition. Two nondegenerate triangles 
AhABC and A^A' B'C in the h-plane are congruent if ^hABC ~ 
= ±lhA'B'C', IhBCA = ±^hB'C'A' and ZhCAB = ±Z,,C"A'S'. 

Proof. Note hat if ABh = A'B'/^ then the theorem foUows from ASA. 

Assume contrary. Without loss of generality we may assume that 
ABh < A'B'f^. Therefore we can choose the point B" G [A'B']h such 
that A'B;; = ABh. 

Choose a point X so that Z,,A'S"A = ^^A'B'C'. According to 
Exercise 10.4, {B"X)h \\ {B'C')h. 

By Pasch's theorem (3.10), {B" X)h intersects [A'C']h. Denote by 
C" the point of intersection. 

According to ASA, AuABC = AhA'B"C"; in particular 

© defect(A,,^BC) = defect(A,,A'B"C"). 

Note that 

defect(AftA'S'C") = defect(A,,A'B"C") + 
® + defect(AftB"C"C") + defect(A,,B"C"S'). 

By theorem 12.6 the defects has to be positive. Therefore 

defect(A,,A'B'C") > defect (A,, ABC), 

a contradiction. □ 



Conformal interpretation 

Let us give an other interpretation of the h-distance. 

12.8. Lemma. Consider h-plane with absolute formed by the unit 
circle centered at O. Fix a point P and let Q be an other point in the 
h-plane. Set x = PQ and y = PQh then 

lim ^ = — -. 

^^0 ^ 1 - OP2 

The above formula tells that the h-distance from P to a near by 
point Q is nearly proportional to the Euclidean distance with the co- 
efficient i_Qp2 ■ The value X{P) = iJqp'^ called conformal factor 
of h-metric. 

One may think of conformal factor \{P) as the speed limit at the 
given point. In this case the h-distance is the the minimal time needed 
to travel from one point of h-plane to the other point. 
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Proof. If P = O, then according to 
Lemma 11.7 

as a; 0. ^^^H i C^^T 

IfP^O, denote by Z the inversion ^^^^ Q' 
of P in the absolute. Denote by F the 
circle with center Z orthogonal to the 
absolute. 

According to Main Observation 11.6 and Lemma 11.5 the inversion 
in F is a motion of h-plane which sends P to O. In particular, if we 
denote by Q' the inversion of Q in F then OQ'j^ — PQh- 

Set x' = OQ' According to Lemma 9.2, 

x' _ OZ 
X ZQ 

Therefore 

x' OZ 1 



X ZP I- OP^ 

as X -> 0. 

Together with O, it implies 

V _ V_.^ ^ 2 



X x' X l-OP2 

as X — 0. □ 

Here is an application of the lemma above. 

12.9. Proposition. The circumference of an h-circle of h-radius r 
is 

2-TT- shr, 

where shr denotes hyperbolic sine ofr; i.e., 

, dof e*" - e"'' 
shr = ^— . 

Before we proceed with the proof let us discuss the same problem 
in the Euclidean plane. 

The circumference of the circle in the Euclidean plane can be de- 
fined as limit of perimeters of regular n-gons inscribed in the circle as 
n — > oo. 

Namely, let us fix r > 0. Given a positive integer n consider 
AAOB such that lAOB ^ ^ and OA ^ OB = r. Set a;„ = AB. 
Note that x„ is the side of regular n-gon inscribed in the circle of 
radius r. Therefore the perimeter of the n-gon is equal to n-Xn- 
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The circumference of the circle with 
radius r might be defined as the limit 
of 







lim n-Xn 

n— f oo 



2-TT-r. 



(This limit can be taken as the defini- 
tion of TT.) 

In the following proof we repeat the 
same construction in the h-plane. 

Proof. Without loss of generality we 
can assume that the center O of the circle is the center of absolute. 

By Lemma 11.7, the h-circle with h-radius r is formed by the Eu- 
clidean circle with center O and radius 

e'' - 1 



e'' + 1 

Denote by x„ and y„ the Euclidean and hyperbolic side lengths of 
the regular n-gon inscribed in the circle. 

Note that as ri — > oo. By Lemma 12.8, 

Vn 2 



lim 



1 



Applying 0, we get that the circumference of the h-circle can be 
found the following way 



lim 



n-y„ 



1 — n— i-oo 



■ lim n-Xn = 



l-a2 
4-7r- 



1 - 



2-7r- 



2 • TT • sh 



□ 



12.10. Exercise. Denote by circum^(r) the circumference of the h- 
circle of radius r . Show that 

circumft,(r -|- 1) > 2 - circum/i(r) 

for all r > 0. 



Additional topics 
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Chapter 13 

Spherical geometry 



Spherical geometry is the geometry of the surface of the unit sphere. 
This type of geometry has practical applications in cartography, nav- 
igation and astronomy. 

The spherical geometry is a close relative of Euclidean and hy- 
perbolic geometries. Most of theorems of hyperbolic geometry have 
spherical analogs which much easy to visualize. 

We discuss few theorems in spherical geometry; the proofs are not 
completely rigorous. 

Space and spheres 

Let us repeat the construction of metric d2 (page 10) in the space. 

We will denote by M'^ the set of all triples (x, y, z) of real numbers. 
Assume A = {xatVAtZa) and B = {xbtUBi zb) are arbitrary points. 
Let us define the metric on M? the following way 

AB ^ ^{XA - xbY + {VA - VbY + {ZA - ZB?. 

The obtained metric space is called Euclidean space. 

Assume at least one of the real numbers a, b ot c is distinct from 
zero. Then the subset of points {x, y, z) € described by equation 

a-x + b-y + c-z + d — Q 

is called plane. 

It is straightforward to show that any plane in Euclidean space is 
isometric to Euclidean plane. Further any three points on the space 
lie on one plane. 
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That makes possible to generalize many notions and results from 
Euclidean plane geometry to Euclidean space by applying plane ge- 
ometry in the planes of the space. 

Sphere in the space is an analog of circle in the plane. 

Formally, sphere with center O and radius r is the set of points in 
the space which lie on the distance r from O. 

Let A and B be two points on the unit sphere centered at O. The 
spherical distance from A to B (briefly ABg) is defined as \/LAOB\. 

In the spherical geometry, the role of lines play the great circles; 
i.e., the intersection of the sphere with a plane passing through O. 

Note that the great circles do not form lines in the sense of Defini- 
tion 1.7. Also any two distinct great circles intersect at two antipodal 
points. It means that the sphere does not satisfy the axioms of abso- 
lute plane. 

Pythagorean theorem 

Here is an analog of Pythagorean Theorems (6.8 and 14.5) in spherical 
geometry. 

13.1. Theorem. Let A^ABC be a spherical triangle with right angle 
at C. Set a ~ BCg, b = CAs and c ~ AB^. Then 



In the proof we will use the notion of scalar product which we are 
about to discuss. 

Let A and B be two points in Euclidean space. Denote by va ~ 
= {xAi UA, za) and vb = {xbtVb, zb) the position vectors of A and B 
correspondingly. The scalar product of two vectors va and vb in M'^ 
is defined as 

O {va,vb) = xa-xb + Va-Ub + za-zb- 

Assume both vectors va and vb are nonzero and ip is the angle 
measure between these two vectors. In this case the scalar product 
can be expressed the following way: 



cose = cos a- cosfe. 



{va,vb) = \va\-\vb\ - cos If, 



where 
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Now, assume the points A and B lie on the unit sphere in 
centered at the origin. In this case It;^! = l^sl = 1- By O we get 

@ cos ABs ^ {va,vb)- 

This is the key formula on which the following proof is build. 

Proof. Since the angle at C is right, we can 
choose coordinates in so that vc = (0, 0, 1), 
VA lies in xz-plane, so va = {xa,0, za) and vb 
lies in yz-plane, so vb = {O^UBi zb)- 
Applying, @, we get 

za = {vc,va) = cos 6, 
zb = {vc, Vb) = cos a. 

Applying, @ again, we get 

cos c = (vaiVb) ~ 

= xa-0 + O-jjb + za-zb ^ 

~ cos b- cos a. |— I 

13.2. Exercise. Show that if AgABC be a spherical triangle with 
right angle at C and ACg = BCs = j then ABs = ^ . 

Try to find two solutions, with and without using the spherical 
Pythagorean theorem. 

Inversion of the space 

Stereographic projection is special type of maps between sphere and 
the inversive plane. Poincare model of hyperbolic geometry is a direct 
analog of stereographic projection for spherical geometry. 

One can also define inversion in the sphere the same way as we 
define inversion in the circle. 

Formally, let E be the the sphere with center O and radius r. The 
inversion in E of a point P is the point P' £ [OP) such that 

OPOP' = r^. 

In this case, the sphere S will be called the sphere of inversion and 
its center is called center of inversion. 

We also add cio to the space and assume that the center of inversion 
is mapped to oo and the other way around. The space M"^ with the 
point oo will be called inversive space. 
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The inversion of the space has many properties of the inversion of 
the plane. Most important for us is the analogs of theorems 9.4, 9.5, 
9.18 which can be summarized as follows. 

13.3. Theorem. The inversion in the sphere has the following prop- 
erties: 

(a) Inversion maps sphere or plane into sphere or plane. 

(b) Inversion maps circle or line into circle or line. 

(c) Inversion preserves cross-ratio; i.e., if A' , B' , C and D' be the 
inversions of the points A, B, C and D correspondingly then 



(d) Inversion maps arcs into arcs. 

(e) Inversion preserves the absolute value of the angle measure be- 
tween tangent half-lines to the arcs. 

Instead of proof. We do not present the proofs here, but they are very 
similar to the corresponding proofs in plane geometry. If you want 
to do it yourself, prove the following lemma and use it together with 
the observation that any circle in the space can he presented as an 
intersection of two spheres. 

13.4. Lemma. Let Y, be a subset of Euclidean space which contains 
at least two points. Fix a point O in the space. 

Then E zs a sphere if and only if for any plane H passing through 
O, the intersection HnS is either empty set, one point set or a circle. 

Stereographic projection 

Consider the unit sphere S in Euclidean space centered at the origin 
(0, 0, 0). This sphere can be described by equation + + = 1. 

Denote by 11 be the xy-plane; it is defined by the equation z = 0. 
Clearly 11 runs through the center of S. 

Denote by = (0, 0, 1) the "north pole" and hy S = (0, 0, -1) be 
the "south pole" of S; these are the points on the sphere which have 
extremal distances to 11. Denote by il the "equator" of S; it is the 
intersection S n H. 

For any point P 7^ S* on S, consider the line (SP) in the space. 
This line intersects 11 in exactly one point, say P'. We set in addition 
that S' ~ 00. 

The map P 1— > P' is the stereographic projection from to II from 
the south pole. The inverse of this map P' n- P is called stereographic 
projection from II to T, from the south pole. 



AB-CD 
BCDA 



A'B'-C'D' 
B'C'-D'A'' 
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The same way one can define 
stereographic projection from the 
north pole. 

Note that P = P' if and only if 

Pen. 

Note that if E and 11 as above. 
Then the stereographic projections 
S n and n — )• S from S are the 
restrictions of the inversion in the 
sphere with center S and radius a/2 
to S and 11 correspondingly. 

From above and Theorem 13.3, 
it follows that the stereographic pro- 
jection preserves the angles between 
arcs; more precisely the absolute 
value of the angle measure between 
arcs on the sphere. 

This makes it particularly useful in cartography. A map of a big 
region of earth can not be done in the same scale, but using stereo- 
graphic projection, one can keep the angles between roads the same 
as on earth. 

In the following exercises, we assume that S, H, O, O, S and N 
are as above. 

















r 1 






The plane through 


P, O and S. 



13.5. Exercise. Show that the composition of stereographic projec- 
tions from n to T, from S and from S to 11 from N is the inversion 
of the plane 11 m fi. 

13.6. Exercise. Show that image of great circle is a dine on the 
plane which intersects at two opposite points. 

13.7. Exercise. Let Fix a point P G 11 and let Q be yet an other 
point in H. Denote by P' and Q' their stereographic projections in S. 
Set X — PQ and y ~ P'Q'g- Show that 



lim — = — -. 

x-S-O X 1 + 0P2 



Compare with Lemma 12.8. 



Central projection 

Let E be the unit sphere centered at the origin which will be denoted 
as O. Denote by 11+ the plane described by equation z = 1. This plane 
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is parallel to xy-plane and it pass through the north pole N = (0, 0, 1) 
of S. 

Recall that north hemisphere of S, is the subset of points {x, y, z) G 
S S such that z > 0. The north hemisphere will be denoted as 

Given a point P e S+, consider half- line [OP) and denote by P' 
the intersection of [OP) and 11+. Note that if P = {x,y,z) then 
P' ^ {-,-, !)■ It follows that P !->• P' is a bijection between S+ and 

n+. 

The described map E+ — > 11+ is called central projection of hemi- 
sphere E+. 

In spherical geometry, central projection is analogous to the Klein 
model of hyperbolic plane. 

Note that the central projection sends intersections of great circles 
with E+ to the lines in 11+ . The later follows since great circles are 
formed by intersection of S with planes passing through the origin and 
the lines in 11+ arc formed by intersection of 11+ with these planes. 

13.8. Exercise. Assume that AgNBC has right angle at C and N 
is the north pole which lies completely in the north hemisphere. Let 
ANB'C be the image of AgNBC under central projection. 

Observe that ANB'C" has right angle at C . 

Use this observation and the standard Pythagorean for ANB'C to 
prove spherical Pythagorean theorem for AgNBC . 

13.9. Exercise. Consider a nondegenerate spherical triangle A^ABC. 
Assume that 11+ is parallel to the plane passing through A, B and C . 
Denote by A', B' and C the central projections of A, B and C. 

(a) Show that the midpoints of [AB], [BC] and [CA] are central 
projections of the midpoints of[AB]s, [BC]s correspondingly. 

(b) Use part (a) to show that medians of spherical triangle intersect 
at one point. 

(c) Compare to Exercise 14-4- 



Chapter 14 

Klein model 



Klein model is an other model of hyperbolic plane discovered by Bel- 
trami. The Klein and Poincare models are saying exactly the same 
thing but in two different languages. Some problems admit simpler 
proof using Klein model and some admit simpler proof using Poincare 
model. Therefore it worth to know both. 



Special bijection of h-plane to itself 



Consider the Poincare disc model with absolute at the unit circle 
centered at O. Choose a coordinate system {x,y) on the plane with 



origin at O, so the circle ft is described by the equation 

Let us think of our plane IT as it 
lies in the Euclidean space as the xy- 
plane. Denote by E the unit sphere 
centered at O and set S = (0, 0, —1) 
and N = (0, 0, 1) as in the previous 
section. 

Consider stereographic projec- 
tion n — >■ S from S; given point 
Pen denote its image as P' . Note 
that the h-plane is mapped to the 
north hemisphere; i.e., to the set of 
points (x, y, z) in E described by in- 
equality z > 0. 

For a point P' G E consider its 
foot point P on 11; this is the closest 
point on 11 from P'. 



= 1. 







P' 


1 


, pj , 


n 1 




/ P 









The plane through P, O and S. 



Ill 
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The composition P i— > P of these two maps is a bijection of h-plane 
to itself. 

Note that P = P if and only if P e r2. 

14.1. Exercise. Show that the map P t-^ P described above can be 
described the following way: set O = O and for any other point point 
P take P e [OP) such that 



0P = 



2-x 



where x = OP. 



14.2. Lemma. Let {PQ)h be an h-line with the ideal points A and 
B. Then P,Q e [AB]. 
Moreover 



O 

In particular 



AQ-BP _ fAQ-BP 
QB-PA " \QB-PA 

AQ-BP 



PQh = r 



In- 



QBPA 



Proof. Consider the stereographic projection 11 — > S from south pole. 
Denote by P' and Q' the images of P and Q. According to Theo- 
rem 13.3, 

AQ BP _ AQ' BP' 
QB PA ~ Q'B-P'A' 

Again by Theorem 13.3, each cline in 11 which is perpendicular to 
is mapped to a circle in S which is still perpendicular to £7. It follows 
that the stereographic projection sends {PQ)h to the intersection of 
the north hemisphere of S with a plane, say A, perpendicular to 11. 

Consider the plane A. It contains points 
A, B, P', P and the circle T = S n A. (It 
also contains Q' and Q but we will not use 
these points for a while.) 
Note that 
o A,B,P' e r, 
o [AB] is a diameter of F, 

o (AB) = nn E, 

rr^u , A O ^ e [AB] 

The plane A. ^ ' 
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o (P'P) _L (AB). 

Since [AB] is the diameter, the angle ZAPB is right. Hence 
AAPP' - AAP'B - AP'PB. In particular 



AP' 
'BP' 



AP P'P 



Therefore 



AP 
BP 



P'P BP 



f AP' 



The same way we get 



AQ 
BQ 



\BP' 



AQ' 
BQ' 



Finally note that ©+©+© imply O. 

The last statement follows from O and the definition of h-distance 



PQh 



dcf 



In 



In 



AQ-BP 



QB-PA 

' AQ-BP^ 
^QB-PAj 

AQBP 



In 



QB-PA 



□ 



14.3. Exercise. Let Ti, T2 and 

he three circles perpendicular 
to the circle fi. Let us denote 
by [AiBi], [A2B2] and [A3B3] the 
common chords of Q and Ti, T2, 
T3 correspondingly. Show that the 
chords [AiBi], [A2B2] and [A3B3] 
intersect at one point inside if 
and only if Ti, T2 and T3 inter- 
sect at two points. 




Klein model 



The following picture illustrates the map P t-^ P described in the 
previous section. If you take the picture on the left and apply the 
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map P ^ P, you get the picture on the right. The picture on the 
right gives a new way to look at the hyperbohc plane, which is called 
Klein model. One may think of the map P ^ P &s about translation 
from one model to the other. 




Poincare model 



Klein model 



In the Klein model things look different; some become simpler, 
other things become more complicated. 

o The h-lines in the Klein model are formed by chords. More 
precisely, they arc formed by the intersections of chords of the 
absolute wit the h-planc. 

o The h-circles and cquidistants in the Klein model are formed by 
ellipses and their intersections with the h-planc. It follows since 
the stereographic projection sends circles one the plane to the 
circles on the unit sphere and the orthogonal projection of circle 
back to plane is formed by ellipsc"'^ . 




o To find the h-distance between the 
points P and Q in the Klein model, 
you have to find the points of intersec- 
tion, say A and B, of the Euclidean 
line {PQ) with the absolute; then, by 
Lemma 14.2, 



PQk 



In 



AQ-BP 



QBPA 



o The angle measures in Klein model are 
very different from the Euclidean angles and it is hard to figure 
out by looking on the picture. For example all the intersecting 
h-lines on the picture above are perpendicular. 



^One may define ellipse as the projection of a circle which lies in the space to 
the plane. 
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The useful exceptions are: if O is the center of absolute then 
IhAOB = ZAOB and if ZOAB = ±f then ^hOAB = ZOAB. 

If you need to work with an angle in Klein model, you may apply 
a motion of h-plane to move the vertex of the angle to the center of 
absolute then the hyperbolic and Euclidean angle measures are the 
same. 

The following exercise is hyperbolic analog of Exercise 13.9 

14.4. Exercise. Let P and Q be the point in h-plane which lie on 
the same distance from the center of absolute. Observe that in Klein 
model, h-midpoint of [PQ]h coincides with the Euclidean midpoint of 

[PQ]h. 

Conclude that if an h-triangle is inscribed in an h-circle then its 
medians intersect at one point. 

The same is true for any h-triangle; think how to prove this. 



Hyperbolic Pythagorean theorem 

14.5. Theorem. Assume that A^ACB is a triangle in h-plane with 
right angle at C. Set a = BCu, b = CBh and c ~ AB^. Then 

@ chc = cha- ch&. 

where ch denotes hyperbolic cosine; i.e., the function defined the fol- 
lowing way 

Proof. We will use Klein model of h-plane with a 
unit circle as the absolute. 

We can assume that A is the center of absolute. 
Therefore both ^hACB and AACB are right. 

Set s = BC, t = CA, u = AB. According to 
Euclidean Pythagorean theorem (6.8), 

u' = s^ + t\ 

Note that 
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therefore 



ch6 



The same way we get 



1 



and 



ch c 



l + U ^ -I ( 1-M 



Let X and y arc the ideal points of {BC)h- Applying the Pythagorean 
theorem (6.8) again, we get 



Therefore 



1 , Vl~~P+s 
^ ■ hi , 

2 



and 



cha = 




Hence © follows. 



14.6. Exercise. Give an other pivof of Proposition 12.1 using Klein 
model. 
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Bolyais construction 



Assume we need to construct a line asymptotically parallel to the given 
line through the given point. The initial configuration is given by three 
points, say P, A and B and we need to construct a line through P 
which is asymptotically parallel to ^ = {AB). 

Note that ideal points do not lie in the h-plane, so there is no way 
to use them in the construction. 

The following construction was given by Bolyai. Unlike the other 
construction given earlier in the lectures, this construction works in 
absolute plane; i.e., it works in Euclidean and in hyperbolic plane as 
well. We assume that you know a compass-and-rulcr construction of 
perpendicular line through the given point. 

Bolyais construction. 

1. Construct the line m through P which perpendicular to £. De- 
note by Q the foot point of P on £. 

2. Construct the line n through P which perpendicular to m. 

3. Draw the circle Fi with center Q through P and mark by i? a 
point of intersection of Fi with £. 

4. Construct the line k through R which perpendicular to n. 

5. Draw the circle F2 with center P through Q and mark by T a 
point of intersection of F2 with k. 

6. The line PT is asymptotically parallel to £. 

You can use this link to a Java applet to perform the construction. 

Note that in Euclidean plane F2 is tangent to k, so the point T is 
uniquely defined. In hyperbolic plane the F2 intersects k in two points, 
both of the corresponding lines are asymptotically parallel to £, one 
from left and one from right. 

To prove that Bolyais construction 
gives the asymptotically parallel line in 
h-plane, it is sufficient to show the fol- 
lowing. 

14.7. Proposition. Assume P, Q, R, 
S , T be points in h-plane such that 

o Se {RT)h, 

o {PQ)h ± {QR)h, 

o iPS)h ± iPQ)h, 

o {RT)h 1. iPS)h and 

o {PT)h and {QR)h are asymptoti- 
cally parallel. 
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Then QRh = PTh. 

Proof. We will use the Klein's model. Without loss of generality, 
we may assume that P is the center of absolute. As it was noted 
on page 114, in this case the corresponding Euclidean lines are also 
perpendicular; i.e., (PQ) _L (QR), {PS) _L (PQ) and (RT) _L (PS). 

Denote by A be the ideal point of {QR)h and {PT)h. Denote by B 
and C the remaining ideal points of {QR)h and {PT)h correspondingly. 

Note that the Euclidean lines {PQ), {TR) and {CB) arc parallel. 

Therefore A^QP - AAPT - /\ABC. In particular. 



AC _ AT _ AP 
AB ^ AR^ AQ' 



It follows that 



AT _ AP 
AR~ AQ 



BR _ BQ 

cf ^cJp 



In particular 



AT -CP 
TC-PA 



ARBQ 
RB-QA' 



hence the result follows. 



□ 



Chapter 15 

Complex coordinates 



In this chapter we give an interpretation of inversive geometry using 
complex coordinates. The results of this chapter will not be used 
further in the lectures. 

Complex numbers 

Informally, a complex number is a number that can be put in the form 

O z ~ X + i-y, 

where x and y are real numbers and = —1. 

The set of complex numbers will be further denoted by C. If x, 
y and z as in O, then x is called the real part and y the imaginary 
part of the complex number z. Briefly it is written as x = Rez and 
y = Imz. 

On the more formal level, a complex number is a pair of real num- 
bers {x,y) with addition and multiplication described below. The 
formula x + i-y is only convenient way to write the pair (a;, y). 

{xi + i-yi) + {x2 + i-y2) = (a^i + X2) + i-{yi + 1/2); 
{xi +i-yi)-{x2 + i-y2) = ixi-X2 - ^1-^2) + «• (2^1-^2 + yi-X2)- 

Complex coordinates 

Recall that one can think of Euclidean plane as the set of all pairs of 
real numbers {x, y) equipped with the metric 

AB = ^/{XA - xbY + {yA - VB? 
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where A = {xa^Va) and B = {xb.Vb)- 

One can pack coordinates (a;, y) of a point in the Euchdean plane, 
in one complex number z = x + i-y. This way we get one-to-one 
correspondence between points of Euclidean plane and C. Given a 
point Z = {x,y), the complex number z — x + i-y is called complex 
coordinate of Z. 

Note that if O, E and / are the points in the plane with complex 
coordinates 0, 1 and i then ZEOI = ±-|. Further wc assume that 
ZEOI = ^; if not, one has to change the direction of the y-coordinatc. 



Conjugation and absolute value 

Let z = X + i-y and both x and y are real. Denote by Z the point in 
the plane with complex coordinate z. 

If y = 0, we say that z is a real and if a; = we say that z is an 
imaginary complex number. The set of points with real and imaginary 
complex coordinates form lines in the plane, which are called real and 
imaginary lines which will be denoted as R and i-K. 

The complex number z = x — iy is called complex conjugate of z. 
Note that the point Z with complex coordinate z is the reflection 
of Z in the real line. 

It is straightforward to check that 

Z + Z Z — Z 2 2 

© x = ixez = — - — , y = Im z = ■ 2 ' ^ ~^ ^ ~ z-z. 

The last formula in @ makes possible to express the quotient ^ of 
two complex numbers w and z — x + i-y: 

w 1 _ 1 

— = — --W-Z = 'i , 'i -w-z. 

^ z-z x^+y^ 

Note that 

z + w — z + w, z — w = z — w, z-w = z-iv, z/w = z/w; 

i.e., all the algebraic operations respect conjugation. 

The value \/ x^ +2/^ = \/ z-z is called absolute value of z and de- 
noted by \z\. 

Note that if Z and W are points in the Euclidean plane and z and 
w their complex coordinates then 



ZW = \z-w\. 
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Euler's formula 

Let a be a real number. The following identity is called Euler's for- 
mula. 

@ e*'" = cosa + i- sina. 

In particular, e'"^ = —1 and e^'^ = i. 

Geometrically Euler's formula means the following. Assume that O 
and E are the point with complex coordinates and 1 correspondingly. 
Assume OZ = 1 and ZEOZ = a then e' " is the complex coordinate of 
Z. In particular, the complex coordinate of any point on the unit circle 
centered at O can be uniquely expressed as e* " for some a £ (— 7r,7r]. 

A complex number z is called unit if \z\ ~ 1. According to Euler's 
identity, in this case 

z = e*'" = cosa + i- sina 
for some value a € (— 7r,7r]. 

Why should you think that © is true? The proof of Euler's 
identity depends on the way you define exponent. If you never had to 
take exponent of imaginary number, you may take the right hand side 
in @ as the definition of the e* ". 

In this case formally nothing has to be proved, but it is better to 
check that e' " the satisfies familiar identities. For example 

Which can be proved using the following trigonometric formulas, which 
we assume to be known: 

cos(a + (3) = cosa - cos/3 — sina - sin/3 
sin(a + /3) = sin a ■ cos /3 + cos a - sin /3 

If you know power series for sine, cosine and exponent, the following 
might convince that @ is the right definition. 

^.^ , . (i-x)^ (i-x)^ (i-x)^ 

= l + ,.^___,._ + _+,.__...= 

f x'^ X* \ f x^ x^ \ 

-(l-2!+¥----j+H"~^"'^~--V^ 
= cos a; + i - sina;. 
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Argument and polar coordinates 

As above, assume that O and E denote the points with complex co- 
ordinates and 1 correspondingly. 

Let Z be the point distinct form O. Set p = OZ and d = ZEOZ. 
The pair (p, i?) is called polar coordinates of Z. 

If z is the complex coordinate of Z then then p ~ \z\. The value 
is called argument of z (briefly, i!) = argz). In this case 

z = p-e^'^ — p-{cos-d + i- sin??). 

Note that 

a,rg{z -w) = arg z + arg w and arg ^ = arg z — arg w 

if z,w ^ 0. In particular, if Z, V, W be points with complex coordi- 
nates z, V and w correspondingly then 

/ w — z \ 

O ^VZW = arg = argfw — z) — arg(w — z) 

\v- z J 

once the left hand side is defined. 

15.1. Exercise. Use the formula O to show that in any triangle 
AZVW 

IZVW + IVWZ -f /WZV = TT. 

15.2. Exercise. Assume that points V , W and Z have complex coor- 
dinates V, w and v-w correspondingly and the point O and E as above. 
Sow that 

AOEV - AOWZ. 

The following Theorem is a reformulation of Theorem 8.5 which 
use complex coordinates. 

15.3. Theorem. Let UVWZ be a quadrilateral and u, v, w and z 

be the complex coordinates of its vertices. Then UVWZ is inscribed 
if and only if the number 

(v — u)-{w — z) 
{v — w)-{z — u) 

is real. 

The value ("~"H"'~^) -^^ju called complex cross-ratio, it will be 

[^v—w)-[z — u} ^ ' 

discussed in more details below. 

15.4. Exercise. Observe that the complex number z ^ is real if 
and only i/argz ~ or it; in other words, 2- argz = 0. 

Use this observation to show that Theorem 15.3 is indeed a refor- 
mulation of Theorem 8.5. 
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Mobius transformations 

15.5. Exercise. Watch video "Mobius Transformations Revealed" 
by Douglas Arnold and Jonathan Rogness. (R is 3 minutes long and 
available on YouTube.) 

The complex plane C extended by one ideal number oo is called 
extended complex plane. It is denoted by C, so C = C U {oo} 
Mobius transformation of C is a function of the form 

. , , a-z + b 

= TT; 

c-z + a 

of one complex variable z; here the coefficients a, b, c, d are complex 
numbers satisfying a-d — b-c ^ 0. (If a-d — b-c = the function 
defined above is a constant and is not considered to be a Mobius 
transformation.) In case c ^ we set 

f{—d/c) = oo and /(oo) = a/c; 

if c = we define 

/(oo) = oo. 



Elementary transformations 

The following three types of Mobius transformations are called ele- 
mentary. 

1. z I— > z + w, 

2. z i-^ w-z for vj 0, 

3. i. 

The geometric interpretations. As before wc will denote by O the 
point with complex coordinate 0. 

The first map z i— >■ z + w, corresponds to so called parallel transla- 
tion of Euclidean plane, its geometric meaning should be evident. 

The second map is called rotational homothety with center at O. 
I.e., the point O maps to itself and any other point Z maps to a point 
Z' such that OZ' = \w\-OZ and IZOZ' = avgw. 

The third map can be described as a composition of inversion in the 
unit circle centered at O and the reflection in M (any order). Indeed, 
arg z = — arg i therefore 

argz = arg(l/z); 

i.e., if the points Z and Z' have complex coordinates z and 1/z then 
Z' G [OZ). Clearly OZ = \z\ and OZ' = |l/z| = fi,. Therefore Z' is 
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inversion of Z in the unit circle centered at O. Finally the reflection 
of Z' in R, has complex coordinate ^ = (1/^)- 

15.6. Proposition. A map / : C — > C is a Mobius transformation if 
and only if it can be expressed as a composition of elementary Mobius 
transformation. 

Proof; (=>). Consider, the Mobius transformation 

a-z + b 

It is straightforward to check that 

® /(^)=/4 /3 /2 /i(z), 

where 

o f,(z) = z+i 

O f2{z) = i, 

o f3iz) = -^^^-z, 
o .fiiz)^z+^ 
if c 7^ and 

o .fiiz) = -,-z, 

O /2W = ^+i 

o fsiz:) = fi{z)=z 
if c = 0. 

(<^). We need to show that composing elementary transformations, 
we can only get Mobius transformations. Note that it is sufficient to 
check that composition of a Mobius transformations 

. a-z + b 

with any elementary transformation is a Mobius transformations. 
The later is done by means of direct calculations. 

a-{z + w)+b a-z+{b + a-w) 

c-{z + w)+d c-z + {d + c-w) 

a-{w-z) + b (a-w)-z + b 

c-[w-z) + d {c-w)-z + d 

a-j + b b-z + a 

c-^ + d d-z + c □ 



15.7. Corollary. The image of dine under Mobius transformation 
is a dine. 
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Proof. By Proposition 15.6, it is sufBcient to check that each elemen- 
tary transformation sends chne to chne. 

For the first and second elementary transformation the later is 
evident. 

As it was noted above, the map 2 i— > i is a composition of inversion 
and reflection. By Theorem 9.8, inversion sends cline to cline. Hence 
the result follows. □ 

15.8. Exercise. Show that inverse of Mobius transformation is a 
Mobius transformation. 

15.9. Exercise. Given distinct values ZQ,zi,Zao S C, construct a 
Mobius transformation f such that f{zo) = 0, f{zi) = 1 and f{zoo) ~ 
= 00. Show that such transformation is unique. 



Complex cross-ratio 

Given four distinct complex numbers u, v, w, z, the complex number 

{u — w)-{v — z) 
{v — w)-{u — z) 

is called complex cross-ratio; it will be denoted as {u,v;w, z). 

If one of the numbers u, v, z, is 00, then the complex cross-ratio 
has to be defined by taking the appropriate limit; in other words, we 
assume that ^ = 1- For example, 

(u-w) 

(u,v;w, 00) = 7 r-. 

[v — w) 

Assume that U, V, W and Z be the points with complex coordi- 
nates V, w and z correspondingly. Note that 

\{u,v;w,z)\, 

u — W V — z 

arg h arg = 

u — Z V — w 

arg(it, v; w, z). 

It makes possible to reformulate Theorem 9.4 using the complex 
coordinates the following way. 

15.10. Theorem. Let UWVZ and U'W'V Z' be two quadrilaterals 
such that the points U' , W , V and Z' are inversions ofU, W , V , and 



UW-VZ _ 

vw-uz ~ 

IWUZ + ^ZVW ^ 
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Z correspondingly. Assume u, w, v, z, u' , w' , v' and z' he the complex 
coordinates of U , W , V, Z, U' , W , V and Z' correspondingly. 
Then 

{u\ v'\ w', z') = (m, v\ w, z). 

The following Exercise is a generalization of the Theorem above. 
It admits a short and simple solution which use Proposition 15.6. 

15.11. Exercise. Show that complex cross-ratios are invariant under 
Mobius transformations. That is, if a Mohius transformation maps 
four distinct numbers u,v,w,z to numbers u' ,v' ^w' , z' respectively, 
then 

(u' , v'] w' , z') = (u, v; w, z). 



Hints 



Chapter 1 

Exercise 1.2. We will discuss only ^2- The cases di and doo can be 
proved along the same lines, but the calculations are simpler. 

Among the conditions in Definition 1.1, only the triangle inequality 
require proof, the rest of conditions are evident. Let A = {xa^Ua), 
B = {xB,yB) and C = (xcj/c)- Set 

Xi^xb- xa, 2/1=2/5- VA, 

x2^xc~XB, y2 = yc-yB- 

Then the inequality 

d2{A,C) ^d2{A,B)+d2{B,C) 

can be written as 

\/ {xi +X2Y + (2/1+^2)^ + \lxl+yl. 

Taking square of left and right hand sides, simplify take square again 
and again simplify. You should get the following inequality 

^ {xi-y2 - X2-yiY- 

which is evidently true. 

Exercise 1.4. Wc apply Definition 1.1 only. 

li A^ B then dx{A, B) > 0. Since / is distance-preserving, 

dy{f{A)J{B))^dx{A,B). 

Therefore dy{f{A)J{B)) > and hence f{A) ^ f{B). 

Exercise 1.5. Set /(O) = a and /(I) = b. Note that that b = a + 1 
or a — 1. 
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Moreover, f{x) ~ azk x and at the same time, f{x) = bzt {x — 1) 
for any x. 

If & — a + 1, it follows that f{x) = a + x for any x. 

The same way, if & = a — 1, it follows that f{x) ~ a — x for any x. 

Exercise 1.6. Show that the map (x, y) i— > {x+y, x—y) is an isometry 
(M^, di) — > {M? ,dryo)- I-e., you need to check that this map is bijective 
and distance preserving. 

Exercise 1.9. Set A = (-1, 1), B = (0, 0) and C = (1, 1). Show that 
for di and d2 all the triangle inequalities with the points A, B and C 
are strict. The apply Exercise 1.8 to show that the graph is not a line. 

For doc show that (x, \x\) x gives the isometry of the graph to 
M. Conclude that the graph is a line in (R^, doo)- 

Exercise 1.10. Applying the definition of line, the problems are 
reduced to the finding number of solutions for each of the following 
two equations. 

|a; — a| = |x — b\ 

and 

Ix - a| = 2-\x - b\ 

if a 7^ 6. 

Each can be solved by taking square of left and right hand sides. 
The numbers of solutions are 1 and 2 correspondingly. 

Exercise 1.11. (a). By triangle inequality 

\f{A')-f{A)\^diA\A). 

Therefore we can take ^ = e. 
(b). By triangle inequality 

\fiA',B')-f{A,B)\ ^ \f{A',B')-f{A,B')\ + 

+ \f{A,B')-fiA,B)\ ^ 
^ d{A' , A) + d{B' , B) 

Therefore we can take S = ^. 

Exercise 1.12. Fix A £ X and B € y such that f{A) = B. 

Fix £ > 0. Since g is continuous at B, there is 5i > such that 

dz{g{B'),g{B)) <e 



iidy{B\B) < Si. 
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Since / is continuous at A, there is (52 > such that 

dy{f{A'),f{A))<Si 

if dx{A',A) < 52. 

Since f{A) = B, we get 

dz{h{A'),h{A)) <e 

if dx{A',A) < 62. Hence the result fohows. 

Exercise 1.13. The equation 2-a = means that 2 -a = 2-fc-7r for 
some integer k. Therefore a = k-ir for some integer k. 

Equivalently a = 2-n-7r or a = (2-n + l)-7r for some integer n. The 
first identity means that a = and the second means a = tt. 

Chapter 2 

Exercise 2.3. By Axiom I. (OA) = {OA'). Therefore the statement 
boils down two the following. 

Assume / : M — > R is a motion of the plane which sends — )■ and 
one positive number to a positive number then f is an identity map. 
The later follows from Exercise 1.5. 

Exercise 2.6. By Proposition 2.5, /.AOA = 0. It remains to apply 
Axiom Ila. 

Exercise 2.10. Apply Proposition 2.5, Theorem 2.8 and Exercise 1.13. 
Exercise 2.11. By Axiom lib, 

2-lBOC = I-IAOC - l-AOB = 0. 

By Exercise 1.13, it implies that ABOC = or tt. 

It remains to apply Exercise 2.6 and Theorem 2.8 correspondingly 
in these cases. 

Exercise 2.13. Apply Proposition 2.12 to show that LAOC = ZBOD 
and then Axiom III. 

Chapter 3 



Exercise 3.1. Set a = XlAOB and f3 = IBOA. Note that a = tt if 
and only if /3 = tt. Otherwise a = —f3. Hence the result follows. 
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Exercise 3.2. Set a = lAOX and P = ZBOX. Since ZAOB is 
straight, 

O a - ^ = TT. 

It follows that a — TT 13 = and a = <^ /3 = tt. In the remaining 
cases, note that \a\, |/3| < tt. If a and (3 have the same sign then 
|q; — /3| < TT which contradicts O. 

Exercise 3.3. Set a = IBOC, /3 = ZCOA and 7 = ZAOB. By 
Axiom lib and Proposition 2.5 

® a + P + -/ = 

Note that 0<a + /3<2-7r and I7I ^ tt. If 7 > then implies 

Q; + /3 + 7 = 2-7r 

and if 7 < then © implies 

a + /3 + 7 = 0. 

Exercise 3.9. Note that O and A' lie on the same side from (AB). 
Analogously O and B' lie on the same side from (AB). Hence the 
result follows. 

Exercise 3.12. Apply Theorem 3.11 for triangles APQX and APQY 
and then Proposition 3.8(a). 

Exercise 3.13. Note that it is sufficient to consider the cases when 
A' :^B,C and B' ^ A, C. 

Apply Pasch's theorem (3.10) twice; for AAA'C with line {BB') 
and for ABB'C with line {AA'). 

Exercise 3.14. Assume that Z is the point of intersection. 

Note first Z ^ P and Z ^ Q, therefore that Z ^ (PQ). 

Then show that Z and X lie on one side from (PQ). Repeat 
the argument to show that Z and Y lie on one side from (PQ). In 
particular X and Y lie on the same side from (PQ), a contradiction. 

Chapter 4 

Exercise 4.4. Consider point D and D', so that AI is the midpoint 
of [AD] and M' is the midpoint of [A'D']. Show first that AABD ^ 
^ AA'B'D'. 
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Exercise 4.5. (a) Apply SAS. 
(h) Use (a) and apply SSS. 

Exercise 4.6. Choose B' e [AC] such that AB = AB' . Note that 
BC = B'C. Note that by SSS, AABC ^ AB'C. 

Exercise 4.7. Without loss of generality, we may assume that X is 
distinct from A, B and C. 

Set = A'; assume A^ A. 

Note that AX = AX', BX = BX' and CX = CX'. Therefore 
/ABA = ±/ABA'. Since A 7^ A', we get 

lABX = -lABX' . 



The same way we get 

ICBX = -ICBX'. 



Subtracting these two identities from each other, we get 

LABC = -lABC, 
i.e., AABC is degenerate, a contradiction. 



Chapter 5 

Exercise 5.3. Assume A and A lie on the same side from 

Note that A and B lie on the opposite sides of 
£. Therefore, by Proposition 3.8, [AX] docs not 
intersect £ and [BX] intersects £; set Y = [BX] n £. 
Note that Y ^ [AX], therefore by Exercise 4.6, 




BX = AY + YX > AX. 

A" ' ' ~B 

This way we proved "if" -part. To prove "only if", it remains to 
switch A and B, repeat the above argument and yet apply Theo- 
rem 5.2. 

Exercise 5.4. Apply Exercise 5.3, Theorem 4.1 and Exercise 3.3. 

Exercise 5.8. Choose arbitrary nondegcneratc triangle AABC. De- 
note by AAIBC its image after the motion. 

li A ^ A, apply the reflection through the perpendicular bisector 
of [AA]. This reflection sends A to A. Denote by B' and C the 
reflections of B and C correspondingly. 
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li B' ^ B, apply the reflection through the perpendicular bisector 
of [B'B]. This reflection sends B' to B. Note that Ab = Ab'; i.e., 
A lies on the bisector and therefore A reflects to itself. Denote by C" 
the reflections of C . 

Finally if C" ^ C apply the reflection through {Ab). Note that 
Ac = Ac" and BC = BC"\ i.e., {AB) is the perpendicular bisector 
of [C"C]. Therefore this reflection sends C" to C. 

Apply Exercise 4.7 to show that the composition of constructed 
reflections coincides with the given motion. 

Exercise 5.10. Let (BX) and (BY) be internal and external bisectors 
of ZABC. Then 

2-lXBY = 2-lXBA + 2-lABY = 
= ICBA + TT + 2-lABC = 

= TT + ICBC = TT. 

Hence the result. 

Exercise 5.12. Apply Theorem 5.2. 

Exercise 5.14. Use Exercise 5.12 and the uniqueness of perpendicular 
(Theorem 5.5). 

Exercise 5.16. Let P' be the reflection of P through {GO')- Note 
that P' lies on both circles and P' ^ P \i and only if P ^ {OO'). 

Exercise 5.17. To prove (a), apply Exercise 5.16. 
To prove (b), apply Theorem 3.15. 

Chapter 6 

Exercise 6.4. Show first that _L n. 

Exercise 6.7. First show that AAA'C - ABB'C. 

Exercise 6.10. If A ABC is degenerate then one of the angle measures 
is TT and the other two are 0. Hence the result follows. 

Assume AABC is nondcgenerate. Set a = ^CAB, f3 = X-ABC 
and 7 = IBCA. 

According to 3.11, we may assume that < a, /3, 7 < tt. Therefore 
O 0<q; + /3 + 7< 3-7r. 

By Theorem 6.9, 



a + /3 + 7 = TT. 
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From O and @ the result follows. 

Exercise 6.12. Apply Theorem 6.9 to AABC and ABDA. 

Exercise 6.14. (a). Use the uniqueness of parallel line (Theorem 6.2). 

(b) Use lemma about parallelogram (Lemma 6.13) and Pythagorean 
theorem (6.8). 

Exercise 6.15. Set A = (0,0), B = (c,0) and C = {x,y). Clearly 
AB = c, AC^ =x^+y^ and BC^ = (c - x)^ + y^. 

It remains to show that the there is a pair of real numbers (a;, y) 
which satisfy the following system of equations 

'b^ = x^ 

c? = [c-xY + y^ 
if0<as^65$c^a + c. □ 

Chapter 7 

Exercise 7.4. Note that (AC) _L {BH) and {BC) _L {AB) and apply 
Theorem 7.3. 

Exercise 7.7. If E is the point of intersection of (BC) with the 
external bisector of Z.BAC then 

AB _ EB 
AC ^ 'EC' 

It can be proved along the same lines as Lemma 7.6. 
Exercise 7.9.^ Apply Lemma 7.6. 

Exercise 7.10. Apply ASA for the two triangles which bisector cuts 
from the original triangle. 

Exercise 7.11. Let / be the inccnter. By SAS, we get AAIZ = 
^ AAIY and therefore AY AZ. The same way we get BX = BZ 
and CX = CY. Hence the result follows. 

Exercise 7.12. Let AABC be the given acute triangle and AA'B'C 
be its orthic triangle. Apply Exercise 6.7 to show that ZA'B'C = 
= ^AB'C. Conclude that {BB') is bisecting ZA'B'C 

For the triangle AABC is obtuse then orthocenter coincides with 
one of the excenters of AABC; i.e., the point of intersection of two 
external and one internal bisectors of AABC. 



^ Check Exercise 10.2 for yet an other solution. 
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Chapter 8 

Exercise 8.3. (a). Apply Theorem 8.2 for ZXX'Y and ZX'YY' and 
Theorem 6.9 for APYX'. 

(h) Note first that the angles AXPY and AX' PY' are vertical. There- 
fore IX PY = AX'PY'. 

Applying Theorem 8.2 we get 

2-lY'X'P = 2-lPYX. 

According to Theorem 3.11, /.Y'X'P and APYX have the same sign; 
therefore 

ZY'X'P = IPYX. 

It remains to apply the AA similarity condition. 

(c) Apply (b) assuming \YY'] is the diameter of F. 

Exercise 8.4. Apply Exercise 8.3(b) three times. 

Exercise 8.6. Note that lAA' B = ±f and lAB' B = ±f . Then 
apply Theorem 8.5 to quadrilateral AA'BB'. 
If O is the center of the circle then 

lAOB = 2-lAA'B = -K. 

I.e., O is the midpoint of [AB]. 

Exercise 8.7. Apply Theorem 8.5 and Exercise 6.12. 
Exercise 8.10. Note that by Theorem 6.9, 

AABC + ABC A + ACAB = tt. 

Then apply Proposition 8.9 twice. 

Exercise 8.11. If C e {AX) then the arc is formed by [AC] or two 
half-lines of {AX) with vertices at A and C. 

Assume C ^ {AX). Let i be the line through A perpendicular to 
[AX) and m be the perpendicular bisector of [AC]. Note that £ H to; 
set O = tC\m. Note that the circle with center O passing though A is 
also passing through C and tangent to {AX). Note that one the two 
arcs with endpoints A and C is tangent to [AAT). 

The uniqueness follow from the propositions 8.8 and 8.9. 
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Exercise 9.1. By Lemma 5.15, ZOTP' is right. Therefore AOPT - 
~ A OTP' and in particular 

OP OP' = OT^. 

Hence the result follows. 
Exercise 9.3. By Lemma 9.2, 

ZIA'B' = -ZIBA, ZIB'A' = -11 AB, 

IIB'C = -nCB, IIC'B' = -IIBC, 

nC'A' = -IIAC, ZIA'C = -ncA. 

It remains to apply the theorem on the sum of angles of triangle 
(Theorem 6.9) to show that {A' I) _L (S'C), {B' I) _L [C A') and 
{CI) ± {B'A'). 

Exercise 9.6. Show first that for any r > and any real numbers 
X, y distinct from 0, we have 

r ( T r\ 

(x + j/)/2 ^U + yj 

Note that for appropriately chosen isometry [OO') — > K, left hand 
side is the coordinate of the inversion of the center of V and right hand 
side is the coordinate of the of the center of inversion of F, assuming 
X and y are coordinates of the intersections [OO') n F. 

Exercise 9.7. Apply an inversion in a circle with the center at the 
only point of intersection of the circles; then use Theorem 9.8. 

Exercise 9.14. Let Pi and P2 be the inversions of P in Oi and ^2- 
Note that the points P, Pi and P2 are mutually distinct. 

According to Theorem 7.1, there is unique cline F which pass 
through P, Pi and P2. 

By Corollary 9.12, F ± fix and F _L Q.2. 

On the other hand if F' 9 P and F' _L fli, F' _L VL2 then by 
Theorem 9.10 we have F' 3 Pi,P2. I.e. F' = F. 

Exercise 9.15. Apply Theorem 9.4(b), Exercise 6.12 and Theo- 
rem 8.2. 

Exercise 9.16. Denote by T the point of intersection of f^i and ^2- 

Let P be the foot point of T on (Oi02)- Show first that 

AOiPT - AO1TO2 ATPO2. 



Conclude that P is the point of interest. 
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Chapter 10 

Exercise 10.2. Denote by D the midpoint of [BC]. Assume (AD) is 
the bisector of the angle at A. 

Mark point A' e [AD) which is distinct from A and AD ^ A'D. 
Note that ACAD = ABA'D. In particular IBAA' = ^AA'B; it 
remains to apply Theorem 4.2 for AABA' . 

Exercise 10.4. Arguing by contradiction, assume 

ZABC + ZBCD = TT, 

but (AB) i/f (CD). Let Z be the point of intersection of (AB) and 
(CD). 

Note that 

ZABC = IZBC or tt + IZBC 

and 

IBCD = IBCZ or tt + IBCZ. 

Apply Proposition 10.3 to AZBC and try to arrive to a contradic- 
tion. 

Exercise 10.5. Let C" e [B'C) be the point such 
that B'C" ^ BC. 

Note that by SAS, A^BC ^ AA'B'C". Con- 
clude that ZS'C'yl' = IB'C'A'. 

Therefore it is sufficient to show that C" = C . 
If C" 7^ C" apply Proposition 10.3 to AA'C'C" 
and try to arrive to a contradiction. 

C' C"' Exercise 10.6. Use Exercise 5.4 and Proposi- 
tion 10.3. 

Exercise 10.9. Note that 

\^ADC\ + \ICDB\ = TT. 
Then apply the definition of defect. 

Chapter 12 




Exercise 12.3. Note that the the angle of parallelism of B to {CD)h 
is bigger than j, and it converges to j as CDh — > oo. 
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Applying Proposition 12.1, we get 



1 + ^ 



BCh < i-ln- ^ = lnfl + \/2' 



1 

V2 



The right hand side is the hmit of BCh if CD^ oo. Therefore 
In (l + \/2) is the optimal upper bound. 

Exercise 12.4. Note that the center 
of the eirele eontaining m lies on at the 
interseetion of lines tangent to absolute 
at A and B. 

Exercise 12.5. Consider hyperbolie 
triangle AhPQR with right angle at Q, 
sueh that PQ = QR and the vertices 
P, Q and R lie on a horocyele. 

Without loss of generality, we may 
assume that Q is the center of absolute. 
In this case ^hPQR = ^PQR = ±f • 

The rest of proof should be easy to guess from the picture. The 
answer is 




A P 

1 + 



In 



V2 



2-ln(l + \/2). 



Chapter 14 

Exercise 14.1. Let N, O, S, P, P' and P be as on the diagram on 
page 111. 

Notice that /SNOP - ANP'S - AP'PP and 2-NO = NS. It 
remains to do algebraic manipulations. 

Exercise 14.3. Consider the bijection P ^ P oi the h-plane with 
absolute Q,. 

Note that P e [A,Bi] if and only if P e T,. 

Exercise 14.4. The observation follows since the reflection through 
the perpendicular bisector of [PQ] is a motion of Euclidean plane and 
h-plane at the same time. 
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Without loss of generality we may as- 
sume that the center of circumcircle co- 
incides with the center of absolute. In 
this case the h-median of the triangle 
coincide with the Euclidean medians. It 
remains to apply Theorem 7.5 



Chapter 13 



Exercise 13.2. Applying Pythagorean theorem, we get 
cos ABs = cos ^Cs- cos _BCs = 5. 

Therefore AB^ = f . 

To see this without Pythagorean 
theorem, look at the tessellation of the 
sphere on the picture; it is made from 
24 copies of AgABC and yet 8 equilat- 
eral triangles. The result f 

Exercise 13.5. Note that points on 
Q do not move. Moreover, the points 
inside are mapped outside of D, and 
the other way around. 

Further note that this maps sends 
circles to circles; moreover the orthogo- 
nal circles are mapped to orthogonal circles. In particular the circle 
orthogonal to fl are mapped to itself. 

Consider arbitrary point P ^ fl. Denote by P' the inversion of 
P in 51. Choose two distinct circles which pass through P and P' . 
According to Corollary 9.12, Pi _L and r2 -L fl. 

Therefore the inversion in ft sends Pi to itself and the same holds 
for P2. 

The image of P has to lie on Pi and P2. Since the image has to be 
distinct from P, we get that it has to be P' . 
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Chapter 15 

Exercise 15.1. Denote by z, v and w the complex coordinates of 
V and W correspondingly. Then 



IZVW + IVWZ + IWZV EE arg fff + arg f^f + arg 

— (m-D)-(z-m)-(t>-2:) _ 

= arg = 
= arg(-l) = 

= TT 



Exercise 15.2. Note that 



lEOV = IWOZ = argi; 
OW OZ , , 



oz OW ' '■ 

Exercise 15.8. Find the inverse of each elementary transformation 
and use Proposition 15.6. 

Exercise 15.9. The Mobius transformation 

(Zl - Zao)-{z - Zq) 



[Zl - Zi))-{Z - Zoo) 



meets the conditions. 

To show uniqueness, assume there is an other Mobius transfor- 
mation g[z) which meets the conditions. Then the composition h = 
g o f^^ is a Mobius transformation; set 

, , , a-z + b 

hiz) = -. 

^ ' c-z + d 

Note that h{oo) = oo; therefore c = 0. Further h{0) = implies 
b = 0. Finally, since h{l) = 1 we get ^ = 1. Therefore h is the 
identity; i.e., h{z) = z for any z. It follows that g ^ f- 

Exercise 15.11. Check the statement for each elementary transfor- 
mation. Then apply Proposition 15.6. 
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±, 35 
^, 44 
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doc, 10 

absolute, 86 
absolute plane, 77 
absolute value of complex num- 
ber, 120 

acute 

acute angle, 35 

acute triangle, 46 
altitude, 51 
angle, 12 

acute angle, 35 

angle of parallelism, 95 

negative angle, 25 

obtuse angle, 35 

positive angle, 25 

right angle, 35 

straight angle, 22 

vertical angles, 23 
angle measure, 20 

hyperbolic angle measure, 87 
arc, 63 
area, 83 

asymptotically parallel lines, 95 
base of isosceles triangle, 32 



between, 22 
bijection, 11 
bisector, 39 

external bisector, 39 

center, 40 
centroid, 52 
chord, 40 
circle, 40 
circle arc, 62 
cline, 67 

complex conjugate, 120 
conformal factor, 100 
congruent triangles, 13 
cross-ratio, 66 

complex cross-ratio, 122, 125 
curvature, 84 

defect of triangle, 81 
diagonal 

diagonals of quadrilateral, 49 
diameter, 40 
discrete metric, 9 
distance, 9 

distance-preserving map, 11 

elementary transformation, 123 
endpoint, 62 
equidistant, 98 
equivalence relation, 45 
Euclidean metric, 10 
Euclidean plane, 20 
Euclidean space, 105 
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Euler's formula, 121 

foot point, 36 

great circle, 106 

h-angle measure, 87 
h-circle, 90 
h-half-line, 86 
h-line, 86 
h-plane, 86 
h-radius, 90 
h-segment, 86 
half-plane, 27 
horocycle, 99 

hyperbolic angle measure, 87 
hyperbolic cosine, 115 
hyperbolic plane, 86 
hypotenuse, 46 

ideal point, 86 

imaginary complex number, 120 

imaginary line, 120 

incenter, 54 

incircle, 54 

inradius, 54 

intersecting lines, 43 

inverse, 11 

inversion, 65 

center of inversion, 65, 107 
circle of inversion, 65 
inversion in a sphere, 107 
sphere of inversion, 107 

inversive plane, 67 

inversive space, 107 

isometry, 11 

isosceles triangle, 32 

leg, 46 
line, 11 

Mobius transformation, 123 

elementary transformation, : 
Manhattan metric, 10 



maximum metric, 10 
metric, 9 
metric space, 9 
motion, 11 

neutral plane, 77 

obtuse 

obtuse angle, 35 
orthic triangle, 55 
orthocenter, 52 

parallel lines, 43 

ultra parallel lines, 95 
parallel translation, 123 
parallelogram, 49 
perpendicular, 35 
perpendicular bisector, 35 
perpendicular circles, 70 
plan 

hyperbolic plane, 86 
plane 

absolute plane, 77 

Euclidean plane, 20 

h-plane, 86 

inversive plane, 67 

neutral plane, 77 

plane in the space, 105 
Poincarc disk model, 86 
point, 9 

ideal point, 86 
polar coordinates, 122 

quadrilateral, 49 

inscribed quadrilateral, 60 
nondegenerate quadrilateral, 
49 

radius, 40 

real complex number, 120 
real line, 10, 120 
reflection, 37 

rotational homothety, 123 
SAS condition, 31 
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secant line, 41 
side 

side of quadrilateral, 49 
side of the triangle, 28 

side-angle-side condition, 31 

similar triangles, 44 

sphere, 106 

spherical distance, 106 
stereographic projection, 108 

tangent circles, 41 

tangent half-line, 62 

tangent line, 41 

triangle, 13 

congruent triangles, 13 
degenerate triangle, 23 
ideal triangle, 97 
orthic triangle, 55 
right triangle, 46 
similar triangles, 44 

unit complex number, 121 

vertex of the angle, 12 
vertical angles, 23 
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